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Abstract
The first part of this work constructs positive-genus real Gromov-Witten invariants of real-
orientable symplectic manifolds of odd “complex” dimensions; the present part focuses on their
properties that are essential for actually working with these invariants. We determine the com-
patibility of the orientations on the moduli spaces of real maps constructed in the first part with
the standard node-identifying immersion of Gromov-Witten theory. We also compare these ori-
entations with alternative ways of orienting the moduli spaces of real maps that are available
in special cases. In a sequel, we use the properties established in this paper to compare real
Gromov-Witten and enumerative invariants, to describe equivariant localization data that com-
putes the real Gromov-Witten invariants of odd-dimensional projective spaces, and to establish
vanishing results for these invariants in the spirit of Walcher’s predictions.
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1 Introduction
The theory of J-holomorphic maps plays prominent roles in symplectic topology, algebraic geom-
etry, and string theory. The foundational work of [15, 21, 25, 19, 6] has established the theory
of (closed) Gromov-Witten invariants, i.e. counts of J-holomorphic maps from closed Riemann
surfaces to symplectic manifolds. The two main obstacles to defining real Gromov-Witten invari-
ants, i.e. counts of J-holomorphic maps from symmetric Riemann surfaces commuting with the
involutions on the domain and the target, are the potential non-orientability of the moduli space
of real J-holomorphic maps and the existence of real codimension-one boundary strata. These
obstacles are overcome in many genus 0 situations in [28, 29, 2, 26, 9, 5]; see [12, Section 1.3] for
some comparisons. In the first part of this work, we introduce the notion of real orientation on a
real symplectic 2n-manifold pX,ω, φq and overcome both obstacles in all genera for real-orientable
symplectic manifolds of odd “complex” dimension n.
A real orientation on a real symplectic 2n-manifold pX,ω, φq with n R 2Z induces orientations on
the moduli spaces of real J-holomorphic maps from arbitrary genus g symmetric surfaces to pX,φq.
Theorems 1.3 and 1.4 compare these orientations with the natural complex orientations and with
the orientations induced by the corresponding spin and relative spin structures whenever the latter
three make sense. By Theorem 1.2, the orientations on the moduli spaces of real J-holomorphic
maps induced by a real orientation on pX,ω, φq are “anti-compatible” with the node-identifying
immersion (1.4) which is central to much of “classical” Gromov-Witten theory. This theorem is
instrumental for any study of the structure of the real Gromov-Witten invariants that depends
on a splitting property at a conjugate pair of nodes in the spirit of [18, 2.2.6] and in particular
for interpreting real Gromov-Witten theory in terms of integrable systems in the spirit of [3]. A
similar comparison of orientations in Lagrangian Floer theory is key to establishing the renown
A8-relations of [7]. Theorems 1.2, 1.3, and 1.4 are likewise essential for studying the properties
of real GW-invariants constructed in [12]. For example, they play crucial roles in determining the
normal bundles to the torus-fixed loci in [13] and the contributions from the degenerate loci in [23].
1.1 Real-orientable symplectic manifolds
An involution on a topological space X is a homeomorphism φ : XÝÑX such that φ˝φ“ idX . By
an involution on a manifold, we will mean a smooth involution. Let
Xφ “
 
xPX : φpxq“x
(
denote the fixed locus. An anti-symplectic involution φ on a symplectic manifold pX,ωq is an invo-
lution φ : XÝÑX such that φ˚ω“´ω. A real symplectic manifold is a triple pX,ω, φq consisting of
a symplectic manifold pX,ωq and an anti-symplectic involution φ.
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Let pX,φq be a topological space with an involution. A conjugation on a complex vector bundle
V ÝÑ X lifting an involution φ is a vector bundle homomorphism ϕ : V ÝÑ V covering φ (or
equivalently a vector bundle homomorphism ϕ : V ÝÑφ˚V covering idX) such that the restriction
of ϕ to each fiber is anti-complex linear and ϕ˝ϕ“ idV . A real bundle pair pV, ϕqÝÑpX,φq consists
of a complex vector bundle V ÝÑX and a conjugation ϕ on V lifting φ. For example,
pXˆC, φˆcq ÝÑ pX,φq,
where c : Cn ÝÑ Cn is the standard conjugation on Cn, is a real bundle pair. If X is a smooth
manifold, then pTX,dφq is also a real bundle pair over pX,φq. For any real bundle pair pV, ϕqÝÑ
pX,φq, we denote by
Λtop
C
pV, ϕq “ pΛtop
C
V,Λtop
C
ϕq
the top exterior power of V over C with the induced conjugation. Direct sums, duals, and tensor
products over C of real bundle pairs over pX,φq are again real bundle pairs over pX,φq.
Definition 1.1 ([12, Definition 5.1]). Let pX,φq be a topological space with an involution and
pV, ϕq be a real bundle pair over pX,φq. A real orientation on pV, ϕq consists of
(RO1) a rank 1 real bundle pair pL, rφq over pX,φq such that
w2pV
ϕq “ w1pL
rφq2 and Λtop
C
pV, ϕq « pL, rφqb2, (1.1)
(RO2) a homotopy class of isomorphisms of real bundle pairs in (1.1), and
(RO3) a spin structure on the real vector bundle V ϕ‘2pL˚q
rφ˚ over Xφ compatible with the ori-
entation induced by (RO2).
An isomorphism in (1.1) restricts to an isomorphism
Λtop
R
V ϕ « pL
rφqb2 (1.2)
of real line bundles over Xφ. Since the vector bundles pL
rφqb2 and 2pL˚qrφ˚ are canonically oriented,
(RO2) determines orientations on V ϕ and V ϕ‘2pL˚q
rφ˚ . By the first assumption in (1.1), the real
vector bundle V ϕ‘2pL˚q
rφ˚ over Xφ admits a spin structure.
Let pX,ω, φq be a real symplectic manifold. A real orientation on pX,ω, φq is a real orientation on
the real bundle pair pTX,dφq. We call pX,ω, φq real-orientable if it admits a real orientation.
1.2 Compatibility with node-identifying immersion
A symmetric surface pΣ, σq is a closed oriented surface Σ (manifold of real dimension 2) with an
orientation-reversing involution σ. The fixed locus of σ is a disjoint union of circles. If in addition
pX,φq is a manifold with an involution, a real map
u : pΣ, σq ÝÑ pX,φq
is a smooth map u : ΣÝÑX such that u˝σ “ φ˝u. We denote the space of such maps by BgpXq
φ,σ .
The main focus of [12] is on smooth and one-nodal connected symmetric surfaces, but in the present
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paper we also need to consider disconnected and two-nodal symmetric surfaces. Throughout this
paper, the term symmetric surface will thus refer to smooth connected surfaces unless explicitly
stated otherwise.
For a symplectic manifold pX,ωq, we denote by Jω the space of ω-compatible almost complex
structures on X. If φ is an anti-symplectic involution on pX,ωq, let
J φω “
 
J PJω : φ
˚J“´J
(
.
For a genus g symmetric surface pΣ, σq, possibly nodal and disconnected, we similarly denote by
J σΣ the space of complex structures j on Σ compatible with the orientation such that σ
˚j“´j. For
J PJ φω , jPJ σΣ , and uPBgpXq
φ,σ, let
B¯J,ju “
1
2
`
du` J ˝ du˝j
˘
be the B¯J,j-operator on BgpXq
φ,σ.
Let pX,ω, φq be a real-orientable symplectic 2n-manifold with nR2Z, g, lPZě0, B PH2pX;Zq, and
J PJ φω . We denote by Mg,lpX,B;Jq
φ the moduli space of equivalence classes of stable real degree B
J-holomorphic maps from genus g symmetric (possibly nodal) surfaces with l pairs of conjugate
marked points. By [12, Theorem 1.4], a real orientation on pX,ω, φq determines an orientation on
this compact space, endows it with a virtual fundamental class, and thus gives rise to genus g real
GW-invariants of pX,ω, φq that are independent of the choice of J PJ φω .
We denote by M
‚
g,lpX,B;Jq
φ the moduli space of stable real degree B morphisms from possibly
disconnected nodal symmetric surfaces of holomorphic Euler characteristic 1´g with l pairs of
conjugate marked points. For each i“1, . . . , l, let
evi : M
‚
g,lpX,B;Jq
φ ÝÑ X,
“
u, pz`1 , z
´
1 q, . . . , pz
`
l , z
´
l q
‰
ÝÑ upz`i q,
be the evaluation at the first point in the i-th pair of conjugate points. If lě2, let
M
1‚
g,lpX,B;Jq
φ “
 
rusPM
‚
g,lpX,B;Jq
φ : evl´1prusq“evlprusq
(
.
The short exact sequence
0 ÝÑ TM
1‚
g,lpX,B;Jq
φ ÝÑ TM
‚
g,lpX,B;Jq
φ|
M
1‚
g,lpX,B;Jq
φ ÝÑ ev
˚TX ÝÑ 0
induces an isomorphism
Λtop
R
`
TM
‚
g,lpX,B;Jq
φ|
M
1‚
g,lpX,B;Jq
φ
˘
« Λtop
R
`
TM
1‚
g,lpX,B;Jq
φ
˘
b ev˚l
`
Λtop
R
pTXq
˘
(1.3)
of real line bundles over M
1‚
g,lpX,B;Jq
φ.
The identification of the last two pairs of conjugate marked points induces an immersion
ι : M
1‚
g´2,l`2pX,B;Jq
φ ÝÑM
‚
g,lpX,B;Jq
φ . (1.4)
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This immersion takes the main stratum of the domain, i.e. the subspace consisting of real morphisms
from smooth symmetric surfaces, to the subspace of the target consisting of real morphisms from
symmetric surfaces with one pair of conjugate nodes. There is a canonical isomorphism
N ι ”
ι˚TM
‚
g,lpX,B;Jq
φ
TM
1‚
g´2,l`2pX,B;Jq
φ
« Ll`1bCLl`2
of the normal bundle of ι with the tensor product of the universal tangent line bundles for the first
points in the last two conjugate pairs. It induces an isomorphism
ι˚
`
Λtop
R
`
TM
‚
g,lpX,B;Jq
φ
˘˘
« Λtop
R
`
TM
1‚
g´2,l`2pX,B;Jq
φ
˘
b Λ2R
`
Ll`1bCLl`2
˘
(1.5)
of real line bundles over M
1‚
g´2,l`2pX,B;Jq
φ. Along with (1.3) with pg, lq replaced by pg´2, l`2q,
it determines an isomorphism
Λtop
R
`
TM
‚
g´2,l`2pX,B;Jq
φ|
M
1‚
g´2,l`2pX,B;Jq
φ
˘
b Λ2R
`
Ll`1bCLl`2
˘
« ι˚
`
Λtop
R
`
TM
‚
g,lpX,B;Jq
φ
˘˘
b ev˚l`1
`
Λtop
R
pTXq
˘ (1.6)
of real line bundles over M
1‚
g´2,l`2pX,B;Jq
φ.
Theorem 1.2. Let pX,ω, φq be a real-orientable 2n-manifold with nR2Z, g, lPZě0, B PH2pX;Zq,
and J P J φω . The isomorphism (1.6) is orientation-reversing with respect to the orientations on
the moduli spaces determined by a real orientation on pX,ω, φq and the canonical orientations on
Ll`1bCLl`2 and TX.
The substance of this statement is that the orientations on M
1‚
g´2,l`2pX,B, Jq
φ induced from the
orientations of M
‚
g´2,l`2pX,B, Jq
φ and M
‚
g,lpX,B, Jq
φ via the isomorphisms (1.3) and (1.5) are
opposite. This may seem surprising from the point of view of the classical (closed) GW-theory,
where moduli spaces have canonical orientations and signs do not appear. On the other hand,
systematic orientations of moduli spaces in open and real GW-theories depend on orienting con-
ventions and additional topological data (such as a spin structure or a real orientation) on the
target manifold. The appearance of signs is then a fairly common occurrence, and it is notoriously
difficult to determine them correctly in most cases. The orientation conventions in [12] are natural
from mathematical considerations and conform with the mirror symmetry expectations described
in [27]; see [12, Section 3] and [13, Section 1.3], respectively, for details. While it is possible to
adjust the orientations on moduli spaces of real maps to make the isomorphism (1.6) orientation-
preserving, this would be artificial from the geometric standpoint and undesirable based on mirror
symmetry considerations.
We note that the statement of Theorem 1.2 is invariant under interchanging the points within the
last two conjugate pairs simultaneously (this corresponds to reordering the nodes of a nodal map).
This interchange reverses the orientation of the last factor on the left-hand side of (1.6), because
the complex rank of Ll`1bCLl`2 is 1, and the orientation of the last factor on the right-hand side
of (1.6), because the complex rank of TX is odd.
An analogue of Theorem 1.2 with nP2Z is described in Remark 4.20.
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1.3 Comparison with complex orientation
Let g0 PZ
ě0. We define a g0-doublet to be a two-component smooth symmetric surface pΣ, σq of
the form
Σ ” Σ1\Σ2 ” t1uˆΣ0 \ t2uˆΣ0, σpi, zq “
`
3´i, z
˘
@ pi, zqPΣ, (1.7)
where Σ0 is a connected smooth oriented genus g0 surface and Σ0 denotes Σ0 with the opposite
orientation. The holomorphic Euler characteristic of a g0-doublet is 1´g with g“2g0´1.
Suppose pX,ω, φq is a real-orientable 2n-manifold, lPZě0, B PH2pX;Zq, and J PJ
φ
ω . With pΣ, σq
as in (1.7), let
M‚2g0´1,lpX,B;Jq
φ,σ ĂM
‚
2g0´1,lpX,B;Jq
φ
denote the open subspace of real J-holomorphic maps from pΣ, σq. For each sĂt1, . . . , lu, let
M‚2g0´1,lpX,B;Jq
φ,σ
s ĂM
‚
2g0´1,lpX,B;Jq
φ,σ
be the open subspace consisting of marked maps so that the second point in the i-th conjugate
pair lies on Σ1 if and only if iPs. In particular,
M‚2g0´1,lpX,B;Jq
φ,σ
s Ă
ğ
B0PH2pX;Zq
B0´φ˚B0“B
`
Mg0,lpX,B0;JqˆMg0,lpX,´φ˚B0;Jq
˘
, (1.8)
where Mg0,lpX,B0;Jq is the usual moduli space of degree B0 J-holomorphic maps from smooth
genus g0 curves with l marked points. The projection
M‚2g0´1,lpX,B;Jq
φ,σ
s ÝÑ
ğ
B0PH2pX;Zq
B0´φ˚B0“B
Mg0,lpX,B0;Jq (1.9)
to the first factor in (1.8) is an isomorphism (in the sense of Kuranishi structures, i.e. (1.9) identifies
the deformation-obstruction theories of the two moduli spaces). The moduli space on the right-
hand side of (1.9) carries a natural orientation obtained by homotoping the linearization of the
B¯-operator to a C-linear Fredholm operator; see [22, Section 3.2]. We will call the orientation on the
left-hand side of (1.9) induced by this orientation the complex orientation of M‚2g0´1,lpX,B;Jq
φ,σ
s .
Theorem 1.3. Suppose pX,ω, φq is a real-orientable 2n-manifold with nR2Z, g0, lPZ
ě0, pΣ, σq is
a g0-doublet , B PH2pX;Zq, and J PJ
φ
ω . The orientation on M‚2g0´1,lpX,B;Jq
φ,σ
s induced by a real
orientation on pX,ω, φq and its complex orientation differ by p´1qg0`1`|s|.
Since the orientation on M‚g,lpX,B;Jq
φ induced by a real orientation on pX,ω, φq is compatible
with orienting the fibers of the forgetful morphisms
M
‚
g,l`1pX,B;Jq
φ ÝÑM
‚
g,lpX,B;Jq
φ (1.10)
by the first marked point in the last conjugate pair, the statement of this theorem is compatible
with the forgetful morphisms. Under the assumptions of this theorem, the “complex” dimension
of the right-hand side of (1.9) in the l“0 case, i.e.
dimvrtC Mg0,0pX,B0;Jq “
@
c1pTXq, B0
D
` pn´3qp1´g0q,
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is even by the second condition in (1.1). Thus, the “conjugation” diffeomorphismğ
B0PH2pX;Zq
B0´φ˚B0“B
Mg0,0pX,B0;Jq ÝÑ
ğ
B0PH2pX;Zq
B0´φ˚B0“B
Mg0,0pX,B0;Jq, ru, js ÝÑ
“
φ˝u,´j
‰
,
is orientation-preserving. This implies that the validity of Theorem 1.3 is independent of the or-
dering of the topological components of Σ.
An illustration of Theorems 1.2 and 1.3 in the genus 0 case is [11, Lemma 5.2]. It describes the
normal bundle to a stratum of genus 0 maps consisting of a central component with a pair of
conjugate bubbles, i.e. a 0-doublet , attached. This boundary stratum is oriented by choosing one
of the nodes and taking the complex orientation associated with the corresponding bubble. The
claim of [11, Lemma 5.2] is that the normal bundle is then oriented by the complex orientation of the
smoothings of this node. According to Theorem 1.3, the “canonical” orientation of this boundary
stratum is obtained by taking the opposite of the complex orientation on the distinguished bubble.
According to Theorem 1.2, the orientation of the normal bundle is then opposite to the complex
orientation of the smoothings of the distinguished node. Thus, [11, Lemma 5.2] is a consequence
of Theorems 1.2 and 1.3.
1.4 Comparison with spin and relative spin orientations
Let X be a topological space, Y ĂX be a subspace, and F ÝÑY be a real oriented vector bundle.
A relative spin structure on F as in [7] consists of a real oriented vector bundle EÝÑX and a spin
structure on F‘E|Y . If pX,φq is a topological space with an involution and pL, rφq is a real bundle
pair over pX,φq, the map
2pL˚q
rφ˚ ÝÑ L˚|Xφ , pv,wq ÝÑ v ` iw, (1.11)
is an isomorphism of real oriented vector bundles over Xφ. Thus, a real orientation on a real bundle
pair pV, ϕq as in Definition 1.1 determines a relative spin structure on the real oriented vector bun-
dle V ϕÝÑXφ with E“L˚ in the above notation; we will call this structure the associated relative
spin structure on V ϕ. If in addition L
rφ ÝÑXφ is orientable, 2pL˚qrφ˚ has a canonical homotopy
class of trivializations as in the proof of [12, Corollary 5.6]. Such a real orientation on pV, ϕq thus
determines a spin structure on V ϕ; we will call the latter the associated spin structure on V ϕ.
Let τ be the standard involution on P1; we take it to be given by zÝÑ1{z¯ on C. For lě2, we denote
byMτ0,l the uncompactified moduli space of equivalence classes of pP
1, τq with l pairs of conjugate
marked points. The Deligne-Mumford compactification M
τ
0,2 of M
τ
0,2 includes 3 additional stable
real two-component nodal curves. A diffeomorphism of M
τ
0,2 with a closed interval is given by
M
τ
0,2 ÝÑ R
`
”r0,8s,
“
pz`1 , z
´
1 q, pz
`
2 , z
´
2 q
‰
ÝÑ
z`2 ´z
`
1
z´2 ´z
`
1
:
z`2 ´z
´
1
z´2 ´z
´
1
“
|z`1 ´z
`
2 |
2
|1´z`1 {z
´
2 |
2
. (1.12)
It takes the two-component curve with z`1 and z
`
2 on the same component to 0 and the two-
component curve with z`1 and z
´
2 on the same component to 8. For lě2, the fibers of the forgetful
morphism
M
τ
0,l`1 ÝÑM
τ
0,l
7
are oriented by the canonical complex orientation of the tangent space at the first marked point in
the last conjugate pair. It follows that the moduli space M
τ
0,l is orientable.
Let pX,ω, φq be a real symplectic manifold. By [12, Theorem 1.3], a real orientation on pX,ω, φq
and an orientation on M
τ
0,2 determine an orientation on each moduli space M0,lpX,B;Jq
φ,τ of
real J-holomorphic maps from pP1, τq to pX,φq. The standard approach [26, 2, 8] to orienting
M0,lpX,B;Jq
φ,τ involves orienting the associated moduli space of disk maps from a relative spin
structure on TXφÝÑXφ; in some cases, the resulting orientation on the disk space descends to an
orientation on M0,lpX,B;Jq
φ,τ . Theorem 1.4 below compares the orientations on M0,lpX,B;Jq
φ,τ
resulting from the two approaches to orienting it. Both approaches involve some sign conventions,
which we specify next.
The construction of the orientation on the real line bundle (2.12) in the proof of [12, Proposi-
tion 5.9] involves a somewhat arbitrary sign choice for the Serre duality isomorphism [12, (5.21)].
The (real) dimensions of its domain and target are 3pg´1q`2l. Thus, this choice has no effect on
the homotopy class of this isomorphism or the resulting orientation of the real line bundle (2.12) if
gR2Z. If gP2Z, changing this choice changes the resulting orientation of (2.12) and the orientation
on the moduli spaces Mg,lpX,B;Jq
φ,σ of real maps. In light of Proposition 4.18, the above sign
choice is determined by a choice of orientation of the real line bundle (2.12) over M
τ
0,2. In this
case, the operator B¯C is surjective and its kernel consists of constant R-valued functions. Thus, an
orientation on (2.12) over M
τ
0,2 is determined by an orientation onM
τ
0,2. As in [11, Section 3], we
orient M
τ
0,2 by the diffeomorphism (1.12).
Let Gτ denote the group of holomorphic automorphisms of pP
1, τq. The exact sequence
0 ÝÑ TidS
1 ÝÑ TidGτ ÝÑ T0C ÝÑ 0
and the standard orientations of S1 and C determine an orientation on Gτ . Let P0pX,B;Jq denote
the space of (parametrized) degree B J-holomorphic real maps from pP1, τq to pX,φq; thus,
M0,0pX,B;Jq
φ,τ “ P0pX,B;Jq
L
Gτ . (1.13)
An orientation on the left-hand side of (1.13) determines an orientation on P0pX,B;Jq via the
canonical isomorphism
Λtop
R
`
TuP0pX,B;Jq
˘
« Λtop
R
`
TrusM0,0pX,B;Jq
φ,τ
˘
b Λtop
R
`
TidGτ
˘
. (1.14)
An orientation on the marked moduli spaces M0,lpX,B;Jq
τ,φ is then determined by orienting the
fibers of the forgetful morphisms (1.10) by the first marked point in the last conjugate pair. Since
Gτ has two topological components, an orientation on P0pX,B;Jq may not descend to the quo-
tient (1.14). By [9, Theorem 6.6] with pE, rτ q“ pL, rφq˚, a real orientation on pX,ω, φq induces an
orientation on P0pX,B;Jq that descends to this quotient and extends to the stable map compact-
ification.
The (virtual) tangent space of P0pX,B;Jq is the index (as a K-theory class) of the linearization
of the B¯J -operator at u. An orientation on this index, or equivalently on detDpTX,dφq|u, is de-
termined by a relative spin structure on TXφÝÑXφ; see the proof of [7, Theorem 8.1.1] or [20,
8
Theorem 6.36]. If this orientation descends to the quotient (1.13), the induced orientation on the
latter depends on the ordering of the two lines on the right-hand side of (1.14) if
dimvrtR M0,0pX,B;Jq
φ,τ “
@
c1pTXq, B
D
` n´3,
is odd. If pX,ω, φq is real-orientable, this is the case if and only if nP2Z.
The marked moduli space M0,lpX,B;Jq
φ,τ can also be oriented by first orienting the marked
parametrized space PlpX,B;Jq from the orientation of P0pX,B;Jq via the forgetful morphism as
in (1.10) and then taking the quotient as in (1.13). If lě2, we can then take pX,Bq“ppt, 0q and
obtain an orientation on
Mτ0,2 “M0,2ppt, 0q
id,τ .
With the orienting convention (1.14), this orientation agrees with the orientation on M
τ
0,2 deter-
mined by the diffeomorphism (1.12).
Theorem 1.4. Suppose pX,ω, φq is a real-orientable manifold, lPZě0, B PH2pX;Zq, and J PJ
φ
ω .
The orientations on M0,lpX,B;Jq
φ,τ induced by a real orientation on pX,ω, φq as in Definition 1.1
and by the associated relative spin structure on TXφÝÑXφ differ by p´1qεpBq, where
εpBq ”
Z
xc1pXq, By ` 2
4
^
.
If in addition L
rφÝÑXφ is orientable, then the orientations on M0,lpX,B;Jqφ,τ induced by the real
orientation on pX,ω, φq and by the associated spin structure on TXφ are the same.
A key step in the proof of this theorem in Section 3.2 is Proposition 3.5; it obtains an explicit
comparison of orientations of determinants of Fredholm operators. This comparison is in the spirit
of the undetermined sign of [26, Proposition 8.4]. As indicated in Section 3.3 and illustrated in [13],
Proposition 3.5 makes it possible to determine the equivariant weights of vector bundles along torus
fixed loci in settings such as in [17, Section 5], [24, Section 4], and [5, Section 6.4]. We in fact
give three proofs of Proposition 3.5, a direct computation and as a consequence of the equivariant
computations in [5].
Remark 1.5. The approach to orienting the moduli spaces of real maps from pP1, τq to pX,φq by
“stabilizing” the real bundle pair pTX,dφq with two copies of a real bundle pair pE, rτ q over pX,φq is
introduced in [9]. For these moduli spaces, the orienting procedure of [12, Theorem 1.3] specializes
to the orienting procedure of [9]. While the stabilizing real bundle pair pE, rτ q in [9] can be of any
rank, the purpose of pE, rτ q is also fulfilled by Λtop
C
pE, rτ q and so it is sufficient to restrict to the
rank 1 real bundle pairs. On the other hand, the proof of Theorem 1.4 readily extends to real
bundle pairs pL, rφq of any rank. In sharp contrast to the relative spin orienting procedure of [7,
Theorem 8.1.1], the orientation from the approach of [9] with a rank 1 real bundle pE, rτ q depends
only on w1pE
rτ q and the spin structure on TXφ‘2Erτ , not on pE, rτ q itself; see Remark 3.10.
1.5 Outline of the paper and acknowledgments
Section 2 sets up the notation necessary for the remainder of this paper and summarizes the orien-
tation construction of [12]. Theorems 1.3 and 1.4 are proved in Sections 3.1 and 3.2, respectively.
Section 3.3 obtains a number of computationally useful statements concerning orientations of the
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determinants of real Cauchy-Riemann operators on real bundle pairs. Theorem 1.2 is established
in Section 3.
We would like to thank E. Brugalle´, R. Cre´tois, E. Ionel, S. Lisi, M. Liu, J. Solomon, J. Starr,
M. Tehrani, G. Tian, and J. Welschinger for related discussions. The second author is very grateful
to the IAS School of Mathematics for its hospitality during the initial stages of our project on real
GW-theory.
2 Notation and review
We set up the necessary notation involving moduli spaces of stable maps and curves in Section 2.1.
We then recall standard facts concerning determinant lines of Fredholm operators in Section 2.2.
Section 3 reviews some of the key statements from [12].
2.1 Moduli spaces of symmetric surfaces and real maps
Let pΣ, σq be a genus g symmetric surface. We denote by Dσ the group of orientation-preserving
diffeomorphisms of Σ commuting with the involution σ. If pX,φq is a smooth manifold with an
involution, lPZě0, and B P H2pX;Zq, let
Bg,lpX,Bq
φ,σ Ă BgpXq
φ,σ ˆ Σ2l
denote the space of real maps u : pΣ, σq ÝÑ pX,φq with u˚rΣsZ “ B and l pairs of conjugate
non-real marked distinct points. We define
Hg,lpX,Bq
φ,σ “
`
Bg,lpX,Bq
φ,σˆJ σΣ
˘
{Dσ.
If J PJ φω , the moduli space of marked real J-holomorphic maps in the class B P H2pX;Zq is the
subspace
Mg,lpX,B;Jq
φ,σ “
 
ru, pz`1 , z
´
1 q, . . . , pz
`
l , z
´
l q, jsPHg,lpX,Bq
φ,σ : B¯J,ju“0
(
,
where B¯J,j is the usual Cauchy-Riemann operator with respect to the complex structures J on X
and j on Σ. If g`lě2,
Mσg,l ”Mg,lppt, 0q
id,σ ” Hg,lppt, 0q
id,σ
is the moduli space of marked symmetric domains. There is a natural forgetful morphism
f : Hg,lpX,Bq
φ,σ ÝÑMσg,l ; (2.1)
it drops the map component u from each element of the domain.
We denote by
Mg,lpX,B;Jq
φ,σ ĄMg,lpX,B;Jq
φ,σ
Gromov’s convergence compactification of Mg,lpX,B;Jq
φ,σ obtained by including stable real maps
from nodal symmetric surfaces. The (virtually) codimension-one boundary strata of
Mg,lpX,B;Jq
φ,σ ´Mg,lpX,B;Jq
φ,σ ĂMg,lpX,B;Jq
φ,σ
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consist of real J-holomorphic maps from one-nodal symmetric surfaces to pX,φq. Each stra-
tum is either a (virtual) hypersurface in Mg,lpX,B;Jq
φ,σ or a (virtual) boundary of the spaces
Mg,lpX,B;Jq
φ,σ for precisely two topological types of orientation-reversing involutions σ on Σ.
Let
Mg,lpX,B;Jq
φ “
ğ
σ
Mg,lpX,B;Jq
φ,σ and Mg,lpX,B;Jq
φ “
ď
σ
Mg,lpX,B;Jq
φ,σ
denote the (disjoint) union of the uncompactified real moduli spaces and the union of the com-
pactified real moduli spaces, respectively, taken over all topological types of orientation-reversing
involutions σ on Σ. If g`lě2, we denote by
M
σ
g,l ”Mg,lppt, 0q
id,σ ĄMσg,l , RMg,l ”Mg,lppt, 0q
id “
ď
σ
M
σ
g,l
the real Deligne-Mumford moduli spaces. The forgetful morphism (2.1) extends to a morphism
f : Mg,lpX,B;Jq
φ ÝÑ RMg,l (2.2)
between the compactifications.
2.2 Determinant line bundles
Let pV, ϕq be a real bundle pair over a symmetric surface pΣ, σq. A real Cauchy-Riemann (or CR-)
operator on pV, ϕq is a linear map of the form
D “ B¯`A : ΓpΣ;V qϕ ”
 
ξPΓpΣ;V q : ξ˝σ“ϕ˝ξ
(
ÝÑ Γ0,1j pΣ;V q
ϕ ”
 
ζ PΓpΣ; pT ˚Σ, jq0,1bCV q : ζ˝dσ “ ϕ˝ζ
(
,
(2.3)
where B¯ is the holomorphic B¯-operator for some jPJ σΣ and a holomorphic structure in V and
A P Γ
`
Σ;HomRpV, pT
˚Σ, jq0,1bCV q
˘ϕ
is a zeroth-order deformation term. A real CR-operator on a real bundle pair is Fredholm in the
appropriate completions.
If X,Y are Banach spaces and D : XÝÑY is a Fredholm operator, let
detD ” Λtop
R
pkerDq b
`
Λtop
R
pcokDq
˘˚
denote the determinant line of D. A continuous family of such Fredholm operators Dt over a
topological space H determines a line bundle over H, called the determinant line bundle of tDtu
and denoted detD; see [22, Section A.2] and [30] for a construction. A short exact sequence of
Fredholm operators
0 ÝÝÝÝÑ X 1 ÝÝÝÝÑ X ÝÝÝÝÑ X2 ÝÝÝÝÑ 0§§đD1 §§đD §§đD2
0 ÝÝÝÝÑ Y 1 ÝÝÝÝÑ Y ÝÝÝÝÑ Y 2 ÝÝÝÝÑ 0
determines a canonical isomorphism
detD – pdetD1q b pdetD2q. (2.4)
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For a continuous family of short exact sequences of Fredholm operators, the isomorphisms (2.4)
give rise to a canonical isomorphism between determinant line bundles.
Families of real CR-operators often arise by pulling back data from a target manifold by smooth
maps as follows. Suppose pX,J, φq is an almost complex manifold with an anti-complex involution
and pV, ϕq is a real bundle pair over pX,φq. Let ∇ be a ϕ-compatible connection in V and
A P Γ
`
X; HomRpV, pT
˚X,Jq0,1 bCV q
˘ϕ
.
For any real map u : pΣ, σqÝÑpX,φq and jPJ σΣ , let ∇
u denote the induced connection in u˚V and
Aj;u “ A ˝ Bju P ΓpΣ;HomRpu
˚V, pT ˚Σ, jq0,1 bC u
˚V q
˘u˚ϕ
.
The homomorphisms
B¯∇u “
1
2
p∇u ` i ˝∇u ˝ jq, DpV,ϕq;u ” B¯
∇
u `Aj;u : ΓpΣ;u
˚V qu
˚ϕ ÝÑ Γ0,1j pΣ;u
˚V qu
˚ϕ
are real CR-operators on u˚pV, ϕqÝÑpΣ, σq that form families of real CR-operators over families
of maps. If g, lPZě0 and B PH2pX;Zq, let
detDpV,ϕq ÝÑ Bg,lpX,Bq
φ,σˆJ σΣ
denote the determinant line bundle of such a family. It descends to a fibration
detDpV,ϕq ÝÑ Hg,lpX,Bq
φ,σ,
which is a line bundle over the open subspace of the base consisting of marked maps with no
non-trivial automorphisms.
Example 2.1. Let pV, ϕq“pC, cq; this is a real bundle over ppt, idq. If g`lě2, the induced family
of operators B¯C ” DpC,cq on M
σ
g,l defines a line bundle
det B¯C ÝÑM
σ
g,l .
If pX,φq is an almost complex manifold with an anti-complex involution φ and
pV, ϕq “ pXˆC, φˆcq ÝÑ pX,φq,
then there is a canonical isomorphism
detDpC,cq « f
˚
`
det B¯C
˘
of line bundles over Hg,lpX,Bq
φ,σ .
For a real CR-operator D on a rank n real bundle pair pV, ϕq over a symmetric surface pΣ, σq,
we define the relative determinant of D to be the tensor productxdetD ” `detD˘b `det B¯Σ;C˘bn , (2.5)
where det B¯Σ;C is the standard real CR-operator on pΣ, σq with values in pC, cq. This notion plays
a central role in the construction of real GW-theory in [12].
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Let pX,ω, φq be a real symplectic 2n-manifold, g, lPZě0, B PH2pX;Zq, J PJ
φ
ω , and
rus ”
“
u, pz`1 , z
´
1 q, . . . , pz
`
l , z
´
l q, j
‰
PMg,lpX,B;Jq
φ .
Denote by Σu the domain of u. If
C ”
`
Σu, pz
`
1 , z
´
1 q, . . . , pz
`
l , z
´
l q, j
˘
is a stable curve, then the forgetful morphism (2.2) induces an isomorphism
Λtop
R
`
TrusMg,lpX,B;Jq
φ,σ
˘
«
`
detDpTX,dφq;u
˘
b Λtop
R
`
TrCsM
σ
g,l
˘
. (2.6)
Orientations on the two lines on the right-hand side of (2.6) thus determine an orientation on the
left-hand side of (2.6). If pX,ω, φq is real-orientable and n is odd, as in the cases relevant to the
present paper, the index of DpTX,dφq;u is odd if and only if gP2Z. The induced orientation on the
left-hand side of (2.6) then depends on the specified order of the factors on the right-hand side
of (2.6).
2.3 Real orientations and relative determinants
Let pX,φq be a topological space with an involution and pV, ϕq be a real bundle pair over pX,φq. An
isomorphism Θ in (1.1) determines orientations on V ϕ and V ϕ‘2pL˚q
rφ˚ . Given a real orientation
on pV, ϕq as in Definition 1.1, we will call these orientations the orientations determined by (RO2) if
Θ lies in the chosen homotopy class. An isomorphism Θ in (1.1) also induces an isomorphism
Λtop
C
`
V ‘2L˚, ϕ‘2rφ˚˘ « Λtop
C
pV, ϕq b pL˚, rφ˚qb2
« pL, rφqb2 b pL˚, rφ˚qb2 « `ΣˆC, σˆc˘, (2.7)
where the last isomorphism is the canonical pairing. We will call the homotopy class of isomor-
phisms (2.7) induced by the isomorphisms Θ in (RO2) the homotopy class determined by (RO2).
Proposition 2.2 ([14, Proposition 7.3]). Suppose pΣ, σq is a symmetric surface, possibly discon-
nected and nodal, and pV, ϕq is a rank n real bundle pair over pΣ, σq. A real orientation on pV, ϕq
as in Definition 1.1 determines a homotopy class of isomorphisms
Ψ:
`
V ‘2L˚, ϕ‘2rφ˚˘ « `ΣˆCn`2, σˆc˘ (2.8)
of real bundle pairs over pΣ, σq. An isomorphism Ψ belongs to this homotopy class if and only if
the restriction of Ψ to the real locus induces the chosen spin structure (RO3) and the isomorphism
Λtop
C
Ψ: Λtop
C
`
V ‘2L˚, ϕ‘2rφ˚˘ ÝÑ Λtop
C
`
ΣˆCn`2, σˆc
˘
“
`
ΣˆC, σˆc
˘
(2.9)
lies in the homotopy class determined by (RO2).
The only cases of this proposition relevant to [12] are for Σ smooth and with one real node; the only
cases relevant to Theorem 1.2 are for Σ smooth and with one pair of conjugate nodes. The proof
of [12, Proposition 5.2] establishes Proposition 2.2 under the assumption that Σ is connected and
smooth, but it applies without the first restriction. The proof of [12, Proposition 6.2] extends [12,
Proposition 5.2] to one-nodal symmetric surfaces. The analogue of this extension for symmetric
surfaces with one pair of conjugate nodes is carried out in the proof of Lemma 4.4 of the present
paper. The principles behind the two extensions are used in [14] to establish the full statement of
Proposition 2.2.
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Corollary 2.3. Suppose pΣ, σq is a symmetric surface, possibly disconnected and nodal, and D
is a real CR-operator on a rank n real bundle pair pV, ϕq over pΣ, σq. Then a real orientation on
pV, ϕq as in Definition 1.1 induces an orientation on the relative determinant xdetD of D.
For Σ smooth or one-nodal, this corollary is deduced from the corresponding cases of Proposi-
tion 2.2 in the proofs of [12, Corollary 5.7] and [12, Corollary 6.6], respectively. The proof of the
latter readily extends to all symmetric surfaces pΣ, σq.
Corollary 2.3 implies that a real orientation on a real symplectic manifold pX,ω, φq determines an
orientation on the line xdetDpTX,dφq;u ” `detDpTX,dφq;u˘b `det B¯C|Σu˘bn . (2.10)
By [12, Corollary 6.7] and Corollary 4.6, this orientation varies continuously with rus.
Corollary 2.4. Suppose pΣ, σq is a symmetric surface, possibly disconnected and nodal, and
pL, rφq ÝÑ pΣ, σq is a rank 1 real bundle pair. If Lrφ ÝÑ Σσ is orientable, there exists a canoni-
cal homotopy class of isomorphisms`
Lb2‘2L˚, rφb2‘2rφ˚˘ « `ΣˆC3, σˆc˘ (2.11)
of real bundle pairs over pΣ, σq.
As explained in the proof of [12, Corollary 5.6], there is a canonical real orientation on the real
bundle pL, rφqb2 over pΣ, σq if LrφÝÑΣσ is orientable. In particular, there is a canonical homotopy
class of isomorphisms `
T ˚Σb2‘2TΣ, pdσ˚qb2‘2dσ
˘
«
`
ΣˆC3, σˆc
˘
of real bundle pairs over pΣ, σq if Σ contains no real nodes (of type (H2) or (H3) in the terminology
of [20, Section 3] and [12, Section 3.2]).
Let g, l P Zě0 be such that g` l ě 2 and pΣ, σq be a smooth connected symmetric surface of
genus g. Combining the Kodaira-Spencer isomorphism, Dolbeault Isomorphism, Serre Duality,
and Corollaries 2.3 and 2.4, we find that the real line bundle
Λtop
R
`
TMσg,l
˘
b
`
det B¯C
˘
ÝÑMσg,l (2.12)
is canonically oriented; see the proof of [12, Proposition 5.9]. If n R 2Z and the domain Σu of u
in (2.6) is smooth, the canonical orientation on (2.12) and an orientation on (2.10) determine
an orientation on the line (2.6) which varies continuously with u. Thus, a real orientation on a
real symplectic manifold pX,ω, φq determines orientations on the uncompactified moduli spaces
Mg,lpX,B;Jq
φ,σ of real J-holomorphic maps from pΣ, σq to pX,φq.
By [12, Proposition 6.1], the canonical orientations of the real line bundle (2.12) extend across
a codimension-one boundary stratum of RMg,l if and only if the parity of the number |σ|0 of
connected components of the fixed locus Σσ of Σ remains unchanged. By construction, the same is
the case of the orientations on Mg,lpX,B;Jq
φ,σ induced by a real orientation on pX,ω, φq if nR2Z.
In order to orient the compactified moduli spaces Mg,lpX,B;Jq
φ, we multiply the orientation on
Mg,lpX,B;Jq
φ,σ induced by a real orientation on pX,ω, φq by p´1qg`|σ|0`1. This does not change
the orientations whenever the fixed locus Σσ of Σ is separating.
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3 Comparison of orientations
There are now standard ways of imposing orientations on the moduli spaces Mg,lpX,B;Jq
φ,σ for
certain types of symmetric surfaces pΣ, σq. Theorems 1.3 and 1.4 compare such orientations with
the orientations constructed in [12] and briefly described in Section 2.3.
3.1 Canonical vs. complex
We continue with the notation and setup of Section 1.3. In the setting of Theorem 1.3, each of
the factors in (2.10) and (2.12) has a natural complex orientation. By Lemma 3.1 below, the
orientations of the tensor product in (2.10) induced by a real orientation on pX,ω, φq and by the
complex orientations on the two factors are the same. By Lemma 3.2, the canonical orientation of
the tensor product in (2.12) and the orientation induced by the complex orientations on the two
factors differ by p´1qg0`1`|s|.
The exponent of g0`1 above arises for the following reason. Let V be a complex vector space of
dimension k. The map
HomCpV,Cq ÝÑ HomRpV,Rq, θ ÝÑ Re θ, (3.1)
is then an isomorphism of real vector spaces. Its domain is a complex vector space and thus has a
canonical complex orientation; its image has an orientation induced from the complex orientation
of V . The isomorphism (3.1) is orientation-preserving with respect to these orientations if and
only if k is even. The only step in the proof of [12, Proposition 5.9] not compatible with the
natural complex orientations is taking the (real) dual in [12, (5.21)]. The sign discrepancy of (3.1)
for the twists by the marked points is taken into account earlier in the proof. The “remaining”
vector space in [12, (5.21)] has complex dimension 3g0´3 and accounts for the exponent of g0`1
in the sign of Theorem 1.3.
A rank n real bundle pair pV, ϕq over a doublet pΣ, σq as in (1.7) corresponds to a complex vector
bundle V0ÝÑΣ0 with
V “ V1\V2 ” t1uˆV0 \ t2uˆV 0, ϕpi, zq “
`
3´i, v
˘
@ pi, vqPV,
where V 0 denotes V0 with the opposite complex structure. With these identifications,
ΓpΣ;V qϕ Ă ΓpΣ1;V1q ‘ ΓpΣ2;V2q, Γ
0,1
j pΣ;V q
ϕ Ă Γ0,1j pΣ1;V1q ‘ Γ
0,1
´j pΣ2;V2q,
and the projections
ΓpΣ;V qϕ ÝÑ ΓpΣ0;V0q and Γ
0,1
j pΣ;V q
ϕ Ă Γ0,1j pΣ0;V0q (3.2)
to the first component are isomorphisms of real vector spaces. Via these projections, every real
CR-operator D on the real bundle pair pV, ϕq corresponds to an operator
D0 : ΓpΣ0;V0q ÝÑ Γ
0,1
j pΣ0;V0q .
The projections (3.2) induce isomorphisms between the kernels and cokernels of D and D0 and
thus an isomorphism
detD « detD0 . (3.3)
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Since D0 is a real linear CR-operator on V0 in the sense of [22, Definition C.1.5], detD0 has a
canonical “complex” orientation obtained by homotoping D0 to a C-linear Fredholm operator;
see [22, Section 3.2]. We will call the orientation on detD induced from this orientation via the
isomorphism (3.3) the complex orientation of detD.
Lemma 3.1. Let pΣ, σq, pV, ϕq, and D be as above. The orientations of the relative determi-
nant xdetD of D induced by a real orientation on pV, ϕq as in Corollary 2.3 and by the complex
orientations on the two factors are the same.
Proof. The homotopy class of isomorphisms as in (2.8) determined by a real orientation on pV, ϕq
determines an orientation on the line`
detD
pV ‘2L˚,ϕ‘2rφ˚q˘b `det B¯Σ;C˘bpn`2q
«
`
det
`
D
pV ‘2L˚,ϕ‘2rφ˚q˘0˘b `det`B¯Σ;C˘0˘bpn`2q . (3.4)
Any isomorphism Ψ in (2.8) corresponds to an isomorphism
Ψ0 : V0‘2L
˚
0 ÝÑ Σ0ˆC
n`2
of complex vector bundles over Σ0 by the restriction to Σ1 Ă Σ. The isomorphism in (3.4) is
orientation-preserving with respect to the orientation on the left-hand side induced by Ψ and the
orientation on the right-hand side induced by Ψ0. Since Ψ0 is a C-linear isomorphism, the operator
on Σ0ˆC
n`2 induced by pD
pV ‘2L˚,ϕ‘2rφ˚qq0 via Ψ0 is a real linear CR-operator. Since any two
such operators are homotopic, the orientation on the last factor in (3.4) induced from the complex
orientation of the third factor in (3.4) is the complex orientation. Thus, the orientation on the
left-hand side of (3.4) induced by a real orientation on pV, ϕq is the orientation induced by the
complex orientations on the two factors.
By (2.4), there are horizontal canonical isomorphisms
detD
pV‘2L˚,ϕ‘2rφ˚q
p3.3q «

p2.4q
«
//
`
detDpV,ϕq
˘
b
`
detD
pL˚,rφ˚q˘b2
p3.3q «

det
`
D
pV‘2L˚,ϕ‘2rφ˚q˘0 p2.4q« // `det`DpV,ϕq˘0˘b `det`DpL˚,rφ˚q˘0˘b2
(3.5)
making the diagram commute. Thus, the top isomorphism in (3.5) is orientation-preserving with
respect to the complex orientations on the three determinants. The orientation of xdetD induced
by a real orientation on pV, ϕq as in Corollary 2.3 is obtained by combining
(1) the orientation on LHS of (3.4) induced by,
(2) the top isomorphism in (3.5), and
(3) the canonical orientations of pdetD
pL˚,rφ˚qqb2 and pdet B¯Σ;C˘b2.
By the last sentence of the previous paragraph and the sentence after (3.5), this is the orientation
induced by the complex orientations on the two factors.
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For gPZ and lPZě0 with g`lě2, we denote by
RM
‚
g,l Ą RM
‚
g,l
the Deligne-Mumford moduli space of possibly disconnected stable nodal symmetric surfaces of
Euler characteristic 2p1´gq with l pairs of conjugate marked points and its subspace consisting of
smooth curves. If g0, lPZ
ě0 with 2g0`lě3 and pΣ, σq is a g0-doublet as in (1.7), let
Mσ2g0´1,l “M
‚
2g0´1,lppt, 0q
id,σ Ă RM‚2g0´1,l .
For each sĂt1, . . . , lu, let
Mσ2g0´1,l;s “M
‚
2g0´1,lppt, 0q
id,σ
s ĂM
σ
2g0´1,l
be the open subspace consisting of marked curves so that the second point in the i-th conjugate
pair lies on Σ1 if and only if iPs. In particular,
Mσ2g0´1,l;s ĂMg0,lˆMg0,l , (3.6)
whereMg0,l is the usual Deligne-Mumford moduli space of smooth genus g0 curves with l marked
points. The projection
Mσ2g0´1,l;s ÝÑMg0,l (3.7)
to the first factor in (3.6) is a diffeomorphism. The moduli space on the right-hand side of (3.7)
carries a natural complex orientation. We will call the orientation on the left-hand side of (3.7)
induced by this orientation the complex orientation of Mσ2g0´1,l;s.
Lemma 3.2. Let g0, lPZ
ě0 with 2g0`lě3 and pΣ, σq be a g0-doublet. The canonical orientation
on the real line bundle
Λtop
R
`
TMσ2g0´1,l;s
˘
b
`
det B¯C
˘
ÝÑMσ2g0´1,l;s (3.8)
constructed as in the proof of [12, Proposition 5.9] and the orientation induced by the complex
orientations of the factors differ by p´1qg0`1`|s|.
Proof. Since the interchange of the points within a conjugate pair reverses the canonical orientation
of (3.8), it is sufficient to establish the claim for s“H. Let
rC0s “
“
Σ0, z
`
1 , . . . , z
`
l , j
‰
PMg0,l and rCs “
“
Σ, pz`1 , z
´
1 q, . . . , pz
`
l , z
´
l q, j\p´jq
‰
PMσ2g0´1,l.
Similarly to the proof of [12, Proposition 5.9], we define
TC0 “ TΣ0
`
´z`1 ´. . .´z
`
l
˘
, T ˚C0 “ T
˚Σ0
`
z`1 `. . .`z
`
l
˘
,
TC “ TΣ
`
´z`1 ´z
´
1 ´. . .´z
`
l ´z
´
l
˘
, T ˚C “ T ˚Σ
`
z`1 `z
´
1 `. . .`z
`
l `z
´
l
˘
.
Denote by SC0 the skyscraper sheaf over Σ0 and by SC
`, SC´, and SC the skyscraper sheaves
over Σ given by
SC0 “ T
˚Σ0|z`1 `...`z
`
l
, SC` “ T ˚Σ|
z`1 `...`z
`
l
, SC´ “ T ˚Σ|
z´1 `...`z
´
l
, SC “ SC`‘SC´ .
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The projection
π1 : H
0pΣ;SCqσ “
`
H0pΣ;SC`q‘H0pΣ;SC´q
˘σ
ÝÑ H0pΣ;SC`q “ H0pΣ0;SC0q (3.9)
is an isomorphism of real vector spaces. In the proof of [12, Proposition 5.9], we orient the domain
of this isomorphism and its dual, i.e. the space of homomorphisms into R, via the isomorphism
π˚1 : H
0pΣ;SC`q˚ “ T
z`1
Σ‘. . .‘T
z`
l
Σ ÝÑ
`
H0pΣ;SCqσ
˘˚
from the complex orientations of T
z`1
Σ, . . . , T
z`
l
Σ. Thus, the isomorphism
HomC
`
H0pΣ0;SC0q,Cq « H
0pΣ;SC`q˚
pi˚1ÝÑ
`
H0pΣ;SCqσ
˘˚
(3.10)
is orientation-preserving with respect to the complex orientation on the left-hand side and the
orientation in the proof of [12, Proposition 5.9] on the right-hand side.
The Kodaira-Spencer map, Dolbeault isomorphism, and Serre Duality for rCsPMσ2g0´1,l as in [12,
(5.20),(5.21)] and rC0sPMg0,l form a commutative diagram
TrCsM
σ
2g0´1,l
KS
«
//
«

qH1pΣ;TCqσ DI« //
«

H1pΣ;TCqσ
SD
«
//
«

`
H0pΣ;T ˚CbT ˚Σqσ
˘˚
TrC0sMg0,l
KS
«
// qH1pΣ0;TC0q DI« // H1pΣ0;TC0q SD« // HomC`H0pΣ0;T ˚C0bT ˚Σ0q,C˘
«pi˚1
OO
with the vertical arrows given by the restrictions to Σ1“Σ0. Since the isomorphisms in the bottom
row of the above diagram are C-linear, the natural isomorphism
Λtop
R
`
TrCsM
σ
2g0´1,l
˘
b Λtop
R
``
H0pΣ;T ˚CbT ˚Σqσ
˘˚˘
« Λtop
R
`
TrC0sMg0,l
˘
b Λtop
R
`
HomC
`
H0pΣ0;T
˚C0bT
˚Σ0q,C
˘˘ (3.11)
is orientation-preserving with respect to the orientation on the left-hand side in the proof of [12,
Proposition 5.9] and the orientation on the right-hand side induced by the complex orientations on
the factors.
Since 2g0`lě3,
H1pΣ0;T
˚C0bT
˚Σ0q “ 0, dimCH
0pΣ0;T
˚C0bT
˚Σ0q “ 3g0´3` l. (3.12)
The short exact sequence of sheaves [12, (5.22)] over Σ and its analogue over Σ0 induce a commu-
tative diagram of exact sequences
H0pΣ;T ˚ΣbT ˚Σqσ //
«

H0pΣ;T ˚CbT ˚Σqσ //
«

H0pΣ;SCqσ //
«pi1

H1pΣ;T ˚ΣbT ˚Σqσ
«

H0pΣ0;T
˚Σ0bT
˚Σ0q // H
0pΣ0;T
˚C0bT
˚Σ0q // H
0pΣ0;SC0q // H
1pΣ0;T
˚Σ0bT
˚Σ0q ,
18
where we omit the zero vector spaces on the ends of the two rows. Since the isomorphisms in the
bottom row of the above diagram are C-linear, the natural isomorphism
Λtop
R
`
H0pΣ;T ˚CbT ˚Σqσ
˘
b det B¯pT˚Σ,dσ˚qb2 b Λ
top
R
`
H0pΣ0;SCq
σ
˘
« Λtop
R
`
H0pΣ0;T
˚C0bT
˚Σ0q,C
˘
b det
`
B¯pT˚Σ,dσ˚qb2
˘
0
b Λtop
R
`
H0pΣ0;SC0q
˘
is orientation-preserving with respect to the orientation on the left-hand side in the proof of [12,
Proposition 5.9] and the orientation on the right-hand side induced by the complex orientations on
the factors.
By the choice of the orientation on H0pΣ0;SCq
σ , the isomorphism π˚1 in (3.10) is orientation-
preserving with respect to the complex orientation on its domain. Since the complex dimension
of the last vector space is l, it follows that the sign of the vertical isomorphism π1 in the last
commutative diagram is p´1ql. Thus, the sign of the natural isomorphism
Λtop
R
`
H0pΣ;T ˚CbT ˚Σqσ
˘
b det B¯pT˚Σ,dσ˚qb2
« Λtop
R
`
H0pΣ0;T
˚C0bT
˚Σ0q,C
˘
b det
`
B¯pT˚Σ,dσ˚qb2
˘
0
(3.13)
with respect to the orientation on the left-hand side in the proof of [12, Proposition 5.9] and the
orientation on the right-hand side induced by the complex orientations on the factors is p´1ql.
By Lemma 3.1, the natural isomorphism
det B¯pT˚Σ,dσ˚qb2 b det B¯Σ;C « det
`
B¯pT˚Σ,dσ˚qb2
˘
0
b det
`
B¯Σ;C
˘
0
(3.14)
is orientation-preserving with respect to the orientation on the left-hand side induced by a real
orientation on pT ˚Σ,dσ˚qb2 and the orientation on the right-hand side induced by the complex
orientations on the factors. The canonical orientation on the real line bundle (3.8) is obtained by
combining the canonical orientations of the left-hand sides of (3.11), (3.13), and (3.14).
By the second statement in (3.12), the sign of the canonical isomorphism
Λtop
R
``
H0pΣ;T ˚CbT ˚Σqσ
˘˚˘
b Λtop
R
`
H0pΣ;T ˚CbT ˚Σqσ
˘
« Λtop
R
`
HomC
`
H0pΣ0;T
˚C0bT
˚Σ0q,C
˘˘
b Λtop
R
`
H0pΣ0;T
˚C0bT
˚Σ0q
˘
with respect to the canonical orientation on the left-hand side and the orientation on the right-hand
side induced by the complex orientations on the factors is p´1q3g0´3`l. Combining this with the
sign of the isomorphism (3.13), we obtain the claim.
Proof of Theorem 1.3. Throughout this argument, we will refer to the orientation on the mod-
uli space M‚2g0´1,lpX,B;Jq
φ determined by a fixed real orientation on pX,ω, φq as the canonical
orientation. Since the canonical orientation is compatible with orienting the fibers of the forgetful
morphism (1.10) by the first point in the last conjugate pair, we can assume that 2g0`lě 3. Let
rus be an element of M‚2g0´1,lpX,B;Jq
φ,σ
s , ru0s be its image under (1.9), and rCs PM
σ
2g0´1,l;s
and
rC0sPMg0,l be their images under the forgetful morphisms to the corresponding Deligne-Mumford
moduli spaces.
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The canonical orientation of the tangent space at rus is obtained from the canonical isomorphism
Λtop
R
`
TrusM
‚
2g0´1,lpX,B;Jq
φ
s
˘
b
`
det B¯Σ;C
˘bpn`1q
«
´`
detDpTX,dφq|u
˘
b
`
det B¯Σ;C
˘bn¯
b
´
Λtop
R
`
TrCsM
σ
2g0´1,l;s
˘
b
`
det B¯Σ;C
˘¯ (3.15)
determined by the forgetful morphism (2.2) and the canonical orientation of pdet B¯Σ;Cq
bpn`1q for
n R 2Z. The orientation of the first tensor product on the right-hand side of (3.15) is determined
by the real orientation on pX,ω, φq as in Corollary 2.3. The orientation of the last tensor product
on the right-hand side of (3.15) is the canonical orientation of [12, Proposition 5.9]. The standard
complex orientation of the tangent space at ru0s is obtained from the canonical isomorphism
Λtop
R
`
Tru0sMg0,lpX,B0;Jq
˘
b
`
det
`
B¯Σ;C
˘
0
˘bpn`1q
«
´`
det
`
DpTX,dφq|u
˘
0
˘
b
`
det
`
B¯Σ;C
˘
0
˘bn¯
b Λtop
R
`
TrC0sMg0,l
˘
b
`
det
`
B¯Σ;C
˘
0
˘ (3.16)
determined by the forgetful morphism to the Deligne-Mumford space and the standard complex
orientation of detpB¯C|Σuq0. The orientations of all four factors on the right-hand side of (3.16) are
the standard complex orientations.
The restriction to Σ1 “ Σ0 intertwines the isomorphisms (3.15) and (3.16) and respects the four
factors on the right-hand sides. By Lemma 3.1, the isomorphism between the first pairs of factors
on the right-hand sides is orientation-preserving. By Lemma 3.2, the sign of the isomorphism
between the last pairs of factors is p´1qg0`1`|s|. This establishes the claim.
3.2 Canonical vs. spin and relative spin
We establish Theorem 1.4 and similar statements by relating the orientations arising from Corol-
lary 2.3 to the orienting procedure for the determinants of Fredholm operators over oriented sym-
metric half-surfaces described in [10].
An oriented symmetric half-surface (or simply oriented sh-surface) is a pair pΣb, cq consisting of an
oriented bordered smooth surface Σb and an involution c : BΣbÝÑBΣb preserving each component
and the orientation of BΣb. The restriction of c to a boundary component pBΣbqi is either the
identity or the antipodal map
a : S1 ÝÑ S1, z ÝÑ ´z,
for a suitable identification of pBΣbqi with S
1ĂC; the latter type of boundary structure is called
crosscap in the string theory literature. We denote by
Bc0Σ
b, Bc1Σ
b Ă BΣb Ă Σb
the unions of the standard boundary components of pΣb, cq and of the crosscaps, respectively. If
Bc1Σ
b“H, pΣb, cq is a bordered surface in the usual sense. An oriented sh-surface pΣb, cq doubles to
a symmetric surface pΣ, σq so that σ restricts to c on the cutting circles (the boundary of Σb); see
[10, (1.6)]. In particular, Σσ“Bc0Σ
b. Since this doubling construction covers all topological types
of orientation-reversing involutions σ on Σ, for every symmetric surface pΣ, σq there is an oriented
sh-surface pΣb, cq which doubles to pΣ, σq.
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A real bundle pair pV b,rcq over an oriented sh-surface pΣb, cq consists of a complex vector bundle
V b ÝÑΣb with a conjugation rc on V b|BΣb lifting c. Via the doubling construction after [10, Re-
mark 3.4], such a pair pV b,rcq corresponds to a real bundle pair pV, ϕq over the associated symmetric
surface pΣ, σq so that V b“V |Σb and rc is the restriction of ϕ to V b|BΣb . In particular,
V ϕ “
`
V b
˘rc
Ă V |Σσ “ V
b
ˇˇ
Bc
0
Σb
is a totally real subbundle.
By [5, Lemma 2.4], the homotopy classes of trivializations of the real bundle pair pV, ϕq over Bc1Σ
b
correspond to the homotopy classes of trivializations of its top exterior power Λtop
C
pV, ϕq. If pL, rφq
is a rank 1 real bundle pair over pΣ, σq, the real bundle pair 2pL, rφq has a canonical homotopy
class of trivializations over Bc1Σ
b; see the proof of [5, Theorem 1.3]. Thus, a homotopy class of
trivializations of pV, ϕq over Bc1Σ
b corresponds to a homotopy of trivializations of pV, ϕq‘2pL, rφq.
Furthermore, a homotopy class of isomorphisms of real bundle pairs as in (1.1) determines a ho-
motopy class of trivializations of the restriction of pV, ϕq to Bc1Σ
b. It also induces an orientation on
the real vector bundle V ϕÝÑBc0Σ
b.
If the real vector bundle V ϕ ÝÑ Bc0Σ
b is oriented, a relative spin structure on V ϕ consists of an
oriented vector bundle LÝÑΣ and a homotopy class of trivializations of the oriented vector bundle
V ϕ ‘ L|Bc0Σb ÝÑ B
c
0Σ
b “ Σσ . (3.17)
Since every oriented vector bundle over Σb is trivializable, the vector bundle L|ΣbÝÑΣ
b admits a
trivialization ΨbL. Along with a trivialization of (3.17), the restriction of Ψ
b
L to L|Bc0Σb induces a
trivialization of V ϕ. If Bc1Σ
b “H and the rank n of V is at least 3, the homotopy classes of the
trivializations of V ϕ induced by two trivializations of L|Σb differ on an even number of components
of Bc0Σ
b“BΣb.
A real CR-operator on a real bundle pair pV b, c˜q over an oriented sh-surface pΣb, cq is a linear map
of the form
Db “ B¯b`A : ΓpΣb;V bqrc ” ξPΓpΣb;V bq : ξ˝c“rc˝ξ|BΣb(
ÝÑ Γ0,1
jb
pΣb;V bq ” Γ
`
Σb; pT ˚Σb, jbq0,1bCV
b
˘
,
where B¯b is the holomorphic B¯-operator for some complex structure jb on Σb and holomorphic
structure in V b and
A P Γ
`
Σb; HomRpV
b, pT ˚Σb, jbq0,1bCV
bq
˘
is a zeroth-order deformation term. By [10, Corollary 3.3], jb doubles to some jPJ σΣ if and only if
c is real-analytic with respect to jb. In such a case, Db is Fredholm in appropriate completions and
corresponds to a real CR-operator D on the associated real bundle pair pV, ϕq over pΣ, σq; see [10,
Proposition 3.6]. In particular, there is a canonical isomorphism
xdetD ” `detD˘b `det B¯Σ;C˘bn « `detDb˘b `det B¯bΣ;C˘bn ” xdetDb , (3.18)
where n“rkCV , B¯Σ;C is the standard real CR-operator on the trivial real bundle pair pΣˆC, σˆcq
over pΣ, σq as in Example 2.1, and B¯bΣ;C ” B¯Σb;C is the standard real CR-operator on the trivial
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relative bundle pair pΣbˆC, cˆcq over pΣb, cq.
An orientation on the right-hand side of (3.18) thus determines an orientation on the left-hand side
of (3.18). By the proofs of [20, Lemma 6.37] and [10, Theorem 1.1], an orientation on the former
is determined by a collection consisting of
(OC1) a homotopy class of trivializations of V ϕ over Bc0Σ
b;
(OC2) a homotopy class of trivializations of the real bundle pair pV, ϕq over Bc1Σ
b.
If n ě 3, changing the homotopy class in (OC1) within its orientation class over precisely one
topological component of Bc0Σ
b changes the induced orientation on the right-hand side of (3.18).
Changing the homotopy class in (OC2) class over precisely one topological component of Bc1Σ
b also
changes the induced orientation on the right-hand side of (3.18).
Let pL, rφq be a rank 1 real bundle pair over pΣ, σq and DL be a real CR-operator on pL, rφq. By the
sentence above containing (OC1) and (OC2) applied with V replaced by V ‘2L, an orientation on`
detpDb‘Db2Lq
˘
b
`
det B¯bΣ;C
˘bpn`2q
«
`
detDb
˘
b
`
det B¯bΣ;C
˘bn
b
`
detDbL
˘b2
b
`
det B¯bΣ;C
˘b2
(3.19)
is determined by a trivialization ψV‘2L of the real vector bundle V
ϕ‘2L
rφ over Bc0Σb and a triv-
ialization ψ1V‘2L of the rank 1 real bundle pair pV ‘2L,ϕ‘2
rφq over Bc1Σb. Since the last two
factors in (3.19) are canonically oriented, ψV‘2L and ψ
1
V‘2L thus determine an orientation on the
right-hand side of (3.18). We will call it the stabilization orientation induced by ψV‘2L and ψ
1
V‘2L,
omitting ψ1V‘2L if B
c
1Σ
b“H and ψV‘2L if B
c
0Σ
b“H.
Via (1.11) with L˚ replaced by L, ψV‘2L also induces a trivialization of (3.17). If B
c
1Σ
b“H, ψV‘2L
thus determines a relative spin structure on V ϕ, and another orientation on the right-hand side
of (3.18). We will call the latter the associated relative spin (or simply ARS) orientation. If L
rφÝÑΣσ
is orientable (but Bc1Σ
b is not necessarily empty), then
‚ ψV‘2L and the canonical homotopy class of trivializations of 2L
rφ determine a homotopy class of
trivializations of V ϕ over Bc0Σ
b, and
‚ ψ1V‘2L and the canonical homotopy class of trivializations of 2pL,
rφq determine a homotopy class
of trivializations of pV, ϕq over Bc1Σ
b.
Thus, ψV‘2L and ψ
1
V‘2L determine another orientation on the right-hand side of (3.18) in this case;
we will call it the associated spin (or simply AS) orientation. Lemmas 3.3-3.7 and Corollary 3.8 be-
low compare these three orientations on the right-hand side of (3.18).
In the case of the involutions
τ : P1 ÝÑ P1, z ÝÑ 1{z¯, and η : P1 ÝÑ P1, z ÝÑ ´1{z¯,
we can take Σb to be the unit disk around the origin in CĂP1. This will be our default choice in
these settings.
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Lemma 3.3. With notation as above, suppose pΣ, σq “ pP1, τq. If L
rφ ÝÑ S1 is orientable, the
stabilization and AS orientations on the right-hand side of (3.18) induced by a trivialization ψV‘2L
of V ϕ‘2L
rφ are the same.
Proof. Fix a trivialization ψL : L
rφ ÝÑ S1ˆR; the canonical homotopy class of trivializations of
2L
rφ is the class containing 2ψL. A trivialization ψV of V ϕ lies in the associated homotopy class
of trivializations of V ϕ if and only if ψV‘2L and ψV ‘ 2ψL lie in the same homotopy class of
trivializations of V ϕ‘2L
rφ. In this case, the natural isomorphism (3.19) is orientation-preserving
with respect to the orientation on the left-hand side induced by ψV‘2L and the orientations on`
detDb
˘
b
`
det B¯bΣ;C
˘bn
and
`
pdetDbLqbpdet B¯
b
Σ;Cq
˘b2
(3.20)
induced by ψV and ψL, respectively. Since the last orientation is the same as the orientation
induced by the canonical orientations of pdetDbLq
b2 and pdet B¯bΣ;Cq
b2, the stabilization orientation
on the first tensor product in (3.20) induced by ψV‘2L and the AS orientation (i.e. the orientation
induced by ψV ) are the same.
Lemma 3.4. With notation as above, suppose pΣ, σq “ pP1, τq. If L
rφ ÝÑ S1 is orientable, the
stabilization and ARS orientations on the right-hand side of (3.18) induced by a trivialization ψV‘2L
of V ϕ‘2L
rφ are the same if and only if degLP4Z.
Proof. Let d“ degL. By [1, Proposition 4.1], we can assume that pL, rφq is the holomorphic line
OP1pdq with the standard lift of τ . Since L
rφÝÑS1 is orientable, dP 2Z. By [22, Theorem C.3.6],
there exists a trivialization ΨbL of L|Σb so that
ΨbL
`
L
rφ˘ “  `eiθ, aeidθ{2˘ : eiθ PS1, aPR( Ă S1ˆC . (3.21)
Let ψL be the trivialization of L
rφ given by
ψL
`
tΨbLu
´1peiθ, aeidθ{2q
˘
“
`
eiθ, a
˘
P S1ˆR .
The trivialization ΨBL of L|BΣb induced by 2ψL via (1.11) with L
˚ replaced by L is then described by
ΨBL : L|BΣb ÝÑ S
1ˆC, ΨBL
`
tΨbLu
´1peiθ, cq
˘
“
`
eiθ, ce´idθ{2
˘
@
`
eiθ, c
˘
P S1ˆC. (3.22)
Thus, the homotopy classes of ΨBL and Ψ
b
L|BΣb differ by d{2 times a generator of π1pSOp2qq«Z.
Let ψV and ψ
1
V be trivializations of V
ϕ such that ψV‘2ψL and ψ
1
V‘Ψ
b
L|BΣb lie in the same homotopy
class of trivializations of V ϕ‘2L
rφ as ψV‘2L. By Lemma 3.3, the stabilization orientation on the
right-hand side of (3.18) induced by ψV‘2L is the orientation induced by ψV as in the proof of
[7, Theorem 8.1.1]. By definition, the ARS orientation on the right-hand side of (3.18) induced
by ψV‘2L is the orientation induced by ψ
1
V . By (3.22), ψV and ψ
1
V are homotopic (and thus the
two induced orientations are the same) if and only if d{2P2Z.
Suppose pΣ, σq “ pP1, τq and degL“ 1. Similarly to the proof of Lemma 3.4, [1, Proposition 4.1]
and [22, Theorem C.3.6] imply that there exists a trivialization ΨbL of L|Σb so that (3.21) holds
with d“1. Let ψ0 be the trivialization of 2L
rφ given by
ψ0
`
tΨbLu
´1peiθ, a1e
iθ{2q, tΨbLu
´1peiθ, a2e
iθ{2q
˘
“
`
eiθ, pa1`ia2qe
iθ{2
˘
P S1ˆC (3.23)
for all a1, a2 PR.
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Proposition 3.5. The orientation on detDb2L“pdetD
b
Lq
b2 induced by the trivialization ψ0 as in
the proof of [7, Theorem 8.1.1] agrees with the canonical square orientation.
We give three proofs. In the first one, we write out the real holomorphic sections and the relevant
trivializations explicitly. In the second proof, we use the comparisons of different orientations on
the moduli spaces of real lines obtained in [5]. The last argument deduces the claim directly from
the fixed-edge equivariant contribution determined in [5]. In all three arguments, we take DL to
be the standard B¯-operator in OP1p1q.
Proof 1 . Let P1‚“P
1´t1u. The holomorphic map
h : B”
 
tPC : |t|ă1
(
ÝÑ P1, t ÝÑ eit ,
is injective and intertwines the standard conjugation on B with τ on P1. We can assume that
L “
`
hpBqˆC\ P1‚ˆC
˘L
„,
`
hptq, tc
˘
„
`
hptq, c
˘
@ pt, cqPpB´0qˆC,rφ`rt, cs˘ “ “t¯, c¯‰ @ pt, cqPBˆC, rφ`rz, cs˘ “ “τpzq, c¯‰ @ pz, cqPP1‚ˆC.
The space of real holomorphic sections of L is then generated by the sections s1 and s2 described by
s1
`
rzs
˘
“ 1, s2
`
rzs
˘
“ i
1`z
1´z
@ zPP1‚.
The canonical orientation for detDb2L is then determined by the basis
s11 ” ps1, 0q, s12 ” ps2, 0q, s21 ” p0, s1q, s22 ” p0, s2q,
for the kernel of the surjective operator Db2L.
We define a trivialization ΨbL of L over the unit disk Σ
b around z“0 in CĂP1 by
ΨbL
`
rhptq, cs
˘
“
`
eit, 2i
eit´1
t
c
˘
@ pt, cqPBˆC,
ΨbL
`
rz, cs
˘
“
`
z, 2ipz´1qc
˘
@ pz, cqP
`
P
1
‚´t8u
˘
ˆC.
This trivialization satisfies (3.21) with d“ 1. The trivialization ψ0 of 2L
rφ over S1 extends to the
trivialization
Ψ0 : 2L|P1´t0,8u ÝÑ
`
P
1´t0,8u
˘
ˆ C2,
Ψ0
`
rz, c1s, rz, c2s
˘
“
`
z, ipz´z´1qc1´z
´1p1´zq2c2, z
´1p1´zq2c1`ipz´z
´1qc2
˘
.
This trivialization intertwines 2rφ with the standard lift of τ |P1‚´t0,8u to a conjugation on the trivial
bundle pP1‚´t0,8uqˆC
2.
We note that 
Ψ0s11
(
pzq “
`
iz´1pz2´1q, z´1p1´zq2
˘
,
 
Ψ0s12
(
pzq “
`
z´1p1`zq2, iz´1p1´z2q
˘
, 
Ψ0s21
(
pzq “
`
´z´1p1´zq2, iz´1pz2´1q
˘
,
 
Ψ0s22
(
pzq “
`
´iz´1p1´z2q, z´1p1`zq2
˘
.
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The orientation on detDb2L induced by the trivialization ψ0 is obtained from the isomorphism
kerDb2L ÝÑ R‘R‘
 
Resz“0pΨ0ξq : ξPkerD
b
2L
(
, ξ ÝÑ
`
tΨ0ξup1q,Resz“0pΨ0ξq
˘
.
The last space above is a complex subspace of C2. Under this isomorphism, the basis s11, s12, s21, s22
is sent to
p0, 0;´i, 1q, p4, 0; 1, iq, p0, 0;´1,´iq, p0, 4;´i, 1q.
Thus, an oriented basis for the target of the above isomorphism is given by
p4, 0; 0, 0q, p0, 4; 0, 0q, p0, 0;´i, 1q, p0, 0; 1, iq.
The change of basis matrix from the first basis to this one is given by¨˚
˚˝ 0 1 0 00 0 0 1
1 0 0 1
0 1 ´1 0
‹˛‹‚.
The determinant of this matrix is `1.
Proof 2 . Define
τ3 : P
3 ÝÑ P3, rZ1, Z2, Z3, Z4s ÝÑ
“
Z2, Z1, Z4, Z3
‰
,
M1pP
1q “M1pP
1, 1qτ,τ , M1pP
3q “M1pP
3, 1qτ3,τ .
The inclusion ι : P1ÝÑP3 as the first two coordinates induces an embedding ofM1pP
1q intoM1pP
3q.
Let
Nιp0qP “
Tιp0qP
3
Tιp0qP
1
and Nrι,0sM ”
Trι,0sM1pP
3q
Trι,0sM1pP1q
denote the normal bundle of P1 in P3 at r1, 0, 0, 0s and the normal bundle of M1pP
1q in M1pP
3q at ι
with the positive marked point at z “ 0, respectively. The former is a complex vector space and
thus is canonically oriented. The differential of the evaluation map ev1 induces an isomorphism
drι,0sev1 : Nrι,0sM ÝÑ Nιp0qP . (3.24)
By [5, Lemma 5.3], this isomorphism is orientation-reversing with respect to the algebraic orienta-
tions on M1pP
1q in M1pP
3q defined in [5, Section 5.2].
Since the normal bundle of pP1, τq in pP3, τ3q is isomorphic to 2pL, rφq, the composition
kerDb2L ÝÑ Trι,0sM1pP
3q ÝÑ Nrι,0sM
is an isomorphism. Combining it with (3.24), we obtain an isomorphism
kerDb2L ÝÑ Nrι,0sM ÝÑ Nιp0qP . (3.25)
Since the canonical orientation on detDb2L is obtained from the isomorphism
kerDb2L ÝÑ 2L0, ξ ÝÑ ξp0q,
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and the complex orientation on L0, the isomorphism (3.25) is orientation-preserving with respect
to the canonical orientation on the left-hand side.
The real vector bundle
4L
rφ ÝÑ S1“RP1 Ă P1 (3.26)
carries a canonical spin structure; see [5, Section 5.5]. Along with Euler’s sequence for P3, it deter-
mines an orientation on M1pP
3q; we will call it the spin orientation. It agrees with the orientation
induced by the trivialization 2ψ0 over S
1. Along with Euler’s sequence for P1 and the relative spin
orienting procedure of [7, Theorem 8.1.1], the canonical spin structure on (3.26) determines an ori-
entation on M1pP
1q; we will call it the relative spin orientation. Along with the spin orientation on
M1pP
3q, it induces an orientation on Nrι,0sM; we will call it the spin orientation. Since ψ0 extends
over the disk ΣbĂP1, the first isomorphism in (3.25) is orientation-preserving with respect to the
orientation on the left-hand side induced by ψ0 and the spin orientation on Nrι,0sM.
As summarized in the paragraph above [5, Remark 6.9], the algebraic orientations on M1pP
1q
and M1pP
3q are the same as the relative spin orientation and the opposite of the spin orientation,
respectively. Therefore, the spin orientation on Nrι,0sM is the opposite of the algebraic orientation.
Since the second isomorphism in (3.25) is orientation-reversing with respect to the latter, it follows
that the composite isomorphism in (3.25) is orientation-preserving with respect to the orientation
on the left-hand side induced by ψ0. Since this is also the case with respect to the canonical
orientation on the left-hand side, these two orientations on kerDb2L agree.
Proof 3 . Under a change of coordinate on 2pL, rφq which is homotopic to the identity, the triv-
ialization ψ0 is equivalent to the trivialization [5, (6.13)]. By [5, Section 6.4], there are natural
S1-actions on pP1, τq and 2pL, rφq so that the evaluation isomorphism
kerDb2L
ev2L;0
ÝÑ 2L|0, ξ ÝÑ ξp0q, (3.27)
is S1-equivariant. By the d0“1, i¯P2Z case of [5, (6.21)], the S
1-equivariant Euler class of kerDb2L
with respect to the orientation induced by ψ0 is given by
e
`
kerDb2L
˘
“ ´
`
λi´λj
˘`
´ λi´λj
˘
“
`
λi´λj
˘`
λi`λj
˘
“ ep2L|0q .
This establishes the claim.
Corollary 3.6. With notation as above, suppose pΣ, σq“pP1, τq. If L
rφÝÑS1 is not orientable, the
stabilization and ARS orientations on the right-hand side of (3.18) induced by a trivialization ψV‘2L
of V ϕ‘2L
rφ are the same if and only if degL´1P4Z.
Proof. Let d“degL. Since L
rφÝÑS1 is not orientable, dR2Z. Similarly to the proof of Lemma 3.4,
[1, Proposition 4.1] and [22, Theorem C.3.6] imply that there exists a trivialization ΨbL of L|Σb
so that (3.21) holds. Let ψ2L be the trivialization of 2L
rφ given by
ψ2L
`
tΨbLu
´1peiθ, a1e
idθ{2q, tΨbLu
´1peiθ, a2e
idθ{2q
˘
“ ψ0
`
peiθ, a1e
iθ{2q, peiθ, a2e
iθ{2q
˘
P S1ˆC .
The trivialization ΨBL of L|BΣb induced by ψ2L via (1.11) with L
˚ replaced by L is then described by
ΨBL : L|BΣb ÝÑ S
1ˆC, ΨBL
`
tΨbLu
´1peiθ, cq
˘
“
`
eiθ, ce´ipd´1qθ{2
˘
@
`
eiθ, c
˘
P S1ˆC. (3.28)
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Thus, the homotopy classes of ΨBL and Ψ
b
L|BΣb differ by pd´1q{2 times a generator of π1pSOp2qq«Z.
Let ψV and ψ
1
V be trivializations of V
ϕ such that ψV‘ψ2L and ψ
1
V‘Ψ
b
L|BΣb lie in the same homotopy
class of trivializations of V ϕ‘2L
rφ as ψV‘2L. By Proposition 3.5, the stabilization orientation on the
right-hand side of (3.18) induced by ψV‘2L via the isomorphism (3.19) is the orientation induced
by ψV as in the proof of [7, Theorem 8.1.1]. By definition, the ARS orientation on the right-hand
side of (3.18) induced by ψV‘2L is the orientation induced by ψ
1
V . By (3.28), ψV and ψ
1
V are
homotopic (and thus the two induced orientations are the same) if and only if pd´1q{2P2Z.
Lemma 3.7. With notation as above, suppose pΣ, σq “ pP1, ηq. The stabilization and AS orien-
tations on the right-hand side of (3.18) induced by a trivialization ψ1V‘2L of pV ‘2L,ϕ‘2
rφq are
the same.
Proof. Fix a trivialization ψ1L of pL,
rφq over pS1, aq; the canonical homotopy class of trivializations
of 2pL, rφq is the class containing 2ψ1L. A trivialization ψ1V of pV, ϕq over pS1, aq lies in the associated
homotopy class of trivializations of pV, ϕq over pS1, aq if and only if ψ1V‘2L and ψ
1
V ‘2ψ
1
L lie in the
same homotopy class of trivializations of pV ‘2L,ϕ‘2rφq over pS1, aq. In this case, the natural
isomorphism (3.19) is orientation-preserving with respect to the orientation on the left-hand side
induced by ψ1V‘2L and the orientations on (3.20) induced by ψ
1
V and ψ
1
L, respectively. Since the
last orientation is the same as the orientation induced by the canonical orientations of pdetDbLq
b2
and pdet B¯b
C
qb2, the stabilization orientation on the first tensor product in (3.20) induced by ψ1V‘2L
and the AS orientation (i.e. the orientation induced by ψ1V ) are the same.
Corollary 3.8. Let pΣb, cq, pΣ, σq, pV, ϕq, pL, rφq, D, and Db be as above Lemma 3.3.
(1) If Bc1Σ
b“H and pBΣbq1, . . . , pBΣ
bqm are the components of B
c
0Σ
b“BΣb, then the stabilization
and ARS orientations on the right-hand side of (3.18) induced by a trivialization of V ϕ‘2L
rφ
are the same if and only if
degL´
ˇˇ 
i“1, . . . ,m : w1pL
rφq|pBΣbqi‰0(ˇˇ P 4Z.
(2) If L
rφÝÑBc0Σb is orientable, then the stabilization and AS orientations on the right-hand side
of (3.18) induced by a trivialization of V ϕ‘2L
rφ and a trivialization of pV‘2L,ϕ‘2rφq|Bc1Σb are
the same.
Proof. For each i“1, . . . ,m, let
εipLq “
#
0, if w1pL
rφq|pBΣbqi“0,
1, if w1pL
rφq|pBΣbqi‰0.
As in the proofs of [20, Lemma 6.37] and [10, Theorem 1.1], we pinch off a circle near each boundary
component pBΣbqi to form a closed surface Σ
1 with m disks B1, . . . , Bm attached. We deform the
bundles V and L to bundles V0 and L0 over the resulting nodal surface Σ0 so that degL0|Σ1 “ 0.
Thus, a trivialization of L0|BΣb that extends over each disk extends over Σ0. The two determinants
on the right-hand side of (3.18) are canonically isomorphic to the determinants of the induced real
linear CR-operatorsD0 and B¯0 on V0 and Σ0ˆ C, respectively. An orientation on pdetD0qbpdet B¯0q
bn
is determined by orientations of the analogous tensor products over Σ0 and them disks. The former
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have canonical complex orientations. If Bc1Σ
b “H, the stabilization and ARS orientations of the
tensor products of the determinant lines over Bi induced by a trivialization of V
ϕ‘2L
rφ are the
same if and only if
degL0|Bi ´ εipLq P 4Z ; (3.29)
see Lemma 3.4 and Corollary 3.6. Summing up (3.29) over i“1, . . . ,m, we obtain the first claim.
The second claim follows similarly from Lemmas 3.3 and 3.7.
Proof of Theorem 1.4. Since the fibers of the forgetful morphism (1.10) are canonically oriented,
it is sufficient to establish the claims for l“ 2. In this case, the moduli space is oriented via the
canonical isomorphism (2.6) with pg, lq “ p0, 2q and σ“ τ . By the paragraph above Theorem 1.4,
the orientation of the last factor in (2.6) is the same in all three approaches to orienting the
moduli space. The orientations of the first factor on the right-hand side of (2.6) are compared
by Corollary 3.8 with L replaced by L˚. Taking into account that c1pTXq “ 2c1pLq, we obtain
Theorem 1.4.
Remark 3.9. It is not necessary to require that the rank n of the real bundle pair pV, ϕq being
stabilized be at least 3, since lower-rank real bundle pairs can first be stabilized with the trivial
rank 2 real bundle pair. The proof of Theorem 1.4 requires only the pΣ, σq “ pP1, τq case of
Corollary 3.8, but it is natural to formulate it for arbitrary symmetric surfaces pΣ, σq.
Remark 3.10. Two real line bundles LR1 , L
R
2 ÝÑY are isomorphic if and only if w1pL
R
1 q“w1pL
R
2 q,
provided Y is paracompact. In such a case, there is a canonical homotopy class of isomorphisms
between 2LR1 and 2L
R
2 . If V
RÝÑY is an oriented vector bundle, a spin structure on V R‘2LR1 thus
corresponds to a spin structure on V R‘2LR2 . The proofs of Proposition 3.5 and Corollaries 3.6
and 3.8(1) imply that the stabilization orientation on the right-hand side of (3.18) induced by a
spin structure on V ϕ‘2L
rφ depends only on w1pLrφq and this spin structure, and not on pL, rφq itself.
3.3 Some applications
We now make a number of explicit statements concerning orientations of the determinants of real
CR-operators on real bundle pairs over pP1, τq and pP1, ηq. The proofs of these statements, which
are useful for computational purposes and are applied in [13], are in the spirit of Section 3.2.
Let γR1 ÝÑRP
1 denote the tautological line bundle. For f : RP1ÝÑGLkR, define
Ψf : RP
1ˆRk ÝÑ RP1ˆRk by Ψf pz, vq “
`
z, fpzqv
˘
.
Denote by I´k POpkq the diagonal matrix with the first diagonal entry equal to ´1 and the remaining
diagonal entries equal to 1.
Lemma 3.11. Let k,mPZě0. If kě2, every automorphism Ψ of the real vector bundle
Vk,m ”
`
RP
1ˆRk
˘
‘mγR1 ÝÑ RP
1
is homotopy equivalent to an automorphism of the form Ψf‘ IdmγR1
for some f : RP1 ÝÑ Opkq;
any two such maps f differ by an even multiple of a generator of π1pSOpkqq. If m ě 1, the
automorphism Ψ negating a γR1 component is not homotopic to Ψf‘IdmγR1
for any constant map f .
If mě 2, the interchange Ψ of two of the γR1 components is not homotopic to Ψf‘IdmγR1
for any
constant map f .
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Proof. Let I`k “Ik, x0 PRP
1 be any point, and
Aut˘x0pVk,mq ”
 
ΨPAutpVk,mq : Ψx0“I
˘
k ‘ImγR1 |x0
(
.
Since Opk`mq has two connected components, one containing I`k`m and the other I
´
k`m, it is
sufficient to establish the first two claims of this lemma for an automorphism ΨPAut˘x0pVk,mq.
Since every line bundle over the interval I”r0, 1s is trivial,
Aut˘x0pVk,mq «
 
f PCpI; Opk`mqq : fp0q, fp1q“I˘k`m
(
. (3.30)
The first claim thus follows from the map
π1
`
Opkq, I˘k
˘
ÝÑ π1
`
Opk`mq, I˘k`m
˘
induced by the natural inclusion Opkq ÝÑOpk`mq being surjective for kě 2. The second claim
follows from the kernel of this map being the even multiples of a generator of π1pSOpkqq.
By rotating in the fibers of 2γR1 , the interchange of the two components of 2γ
R
1 can be homotoped to
the automorphism negating the first component and leaving the second component unchanged.
Thus, the last claim of the lemma follows from the third. It is sufficient to establish the latter for
kě1.
We first consider the pk,mq“p1, 1q case of the third claim. Since every line bundle over I is trivial,
V1,1 “
`
IˆC
˘
{„, p1, cq „
`
0, c¯
˘
@ cPC.
With respect to this identification, the relevant automorphism Ψ is given by
Ψ: V1,1 ÝÑ V1,1, Ψ
`
rt, cs
˘
“
“
t, c¯
‰
.
For each sPR, define an automorphism Ψs of V1,1 by
Ψs : V1,1 ÝÑ V1,1, Ψs
`
rt, cs
˘
“
“
t, eipip1´2tqsc¯
‰
.
The family pΨsqsPr0,1s is a homotopy from the automorphism Ψ of V1,1 to the element of Aut
´
x0
pV1,1q
corresponding to the map
f : pI, 0, 1q ÝÑ
`
Op2q, I´2 , I
´
2 q, t ÝÑ e
´2piitI´2 ,
under the identification (3.30). Since f is a generator of π1pOp2q, I
´
2 q « Z, its image under the
homomorphism
π1
`
Op2q, I´2
˘
ÝÑ π1
`
Opk`mq, I´k`m
˘
induced by the natural inclusion Op2qÝÑOpk`mq is non-trivial. This implies the last claim.
Let a P Zě0, pL, rφq be a rank 1 real bundle pair over pP1, τq of degree 1`2a, and DL be a real
CR-operator on pL, rφq. Fix a nonzero vector ePT0P1. The homomorphism
evL;0 : kerDL ÝÑ p1`aqL|0, evL;0pξq “
`
ξp0q,∇eξ, . . . ,∇
ba
e ξ
˘
,
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is then an isomorphism. It thus induces an orientation on detDL from the complex orientation
of L|0; we will call the former the complex orientation of detDL.
Let pL0, rφ0q be a rank 1 real bundle pair over pP1, τq of degree 1. If pL1, rφ1q and pL2, rφ2q are rank 1
real bundle pairs over pP1, τq of odd degrees, the composition of the isomorphism ψ0 in (3.23) with
the isomorphism
L
rφ1
1 ‘L
rφ2
2 « L
rφ0
0 ‘L
rφ0
0
induced by isomorphisms on each component determines an orientation on
detDL1‘L2 «
`
detDL1
˘
b
`
detDL2
˘
via the isomorphism (3.18) with Σb being the unit disk around 0 P C. By the third statement
of Lemma 3.11, changing the homotopy class of a component isomorphism would change the
orientation and the spin of the induced trivialization and thus would have no effect on the induced
orientation. This is also implied by the next statement.
Corollary 3.12. Suppose a1, a2 P Z
ě0, pL1, rφ1q and pL2, rφ2q are rank 1 real bundle pairs over
pP1, τq of degrees 1`2a1 and 1`2a2, respectively, and DL1 and DL2 are real CR-operators on
pL1, rφ1q and pL2, rφ2q. The orientations on detpDL1‘DL2q induced by the isomorphism ψ0 in (3.23)
and by the complex orientations on detpDL1q and detpDL2q are the same.
Proof. The construction of the orientation on the determinant line induced by a trivialization of
the real part of the bundle in the proofs of [7, Theorem 8.1.1] and [20, Lemma 6.37] commutes
with the evaluations at the interior points; these can be used to reduce the degree of the bundle.
Thus, it is sufficient to consider the case a1, a2“0. The latter is Proposition 3.5.
Suppose
0 ÝÑ pV, ϕq ÝÑ pV‚, ϕ‚q ‘ pVc, ϕcq ÝÑ pL, rφq ÝÑ 0 (3.31)
is an exact sequence of real bundle pairs over pP1, τq such that V ϕ‚‚ ÝÑ S
1 is orientable of rank
kě2 and
pVc, ϕcq “
mà
i“1
`
Vc;i, φc;i
˘
and pL, rφq “ mà
i“1
`
Li, rφiq
are direct sums of rank 1 real vector bundle pairs of odd positive degrees. By Lemma 3.11, the
short exact sequence (3.31) and a trivialization of V ϕ‚‚ determine a homotopy class of trivializations
of V ϕ up to
(1) simultaneous flips of the orientation and the spin,
(2) composition with an even multiple of a generator of π1pSOpkqq.
Via the isomorphism (3.18) with Σb being the unit disk around 0 P C, a trivialization of V ϕ‚‚
thus determines an orientation of the determinant of a real CR-operator DV on the real bundle
pair pV, ϕq. It also determines an orientation of the determinant of a real CR-operator DV‚ on the
real bundle pair pV‚, ϕ‚q. A short exact sequence
0 ÝÑ DV ÝÑ DV‚ ‘DVc ÝÑ DL ÝÑ 0 (3.32)
of real CR-operators on the real bundle pairs in (3.31) gives rise to an isomorphism
det
`
DV
˘
b det
`
DL
˘
« det
`
DV‚
˘
b det
`
DVc
˘
. (3.33)
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Corollary 3.13. The isomorphism (3.33) is orientation-preserving with respect to
‚ the orientations on detpDV q and detpDV‚q induced by a trivialization of V
ϕ‚
‚ and
‚ the complex orientations on detpDLq and detpDVcq.
Proof. Since the claim is invariant under augmenting pVc, ϕcq and pL, rφq by the same rank 1 real
bundle pair of odd positive degree, we can assume that m“ 2m1 for some m1 P Zě0. By Corol-
lary 3.12, the complex orientations on detpDLq and detpDVcq are then induced by the trivializations
m1ψ0 of L
rφ and V ϕcc . The short exact sequence (3.31) determines a homotopy class of isomorphisms
of real bundle pairs
pV, ϕq ‘ pL, rφq « pV‚, ϕ‚q ‘ pVc, ϕcq (3.34)
over pP1, τq. By the above, the orientations on
det
`
DV ‘DL
˘
“ det
`
DV
˘
bdet
`
DL
˘
and
det
`
DV‚‘DVc
˘
“ det
`
DV‚
˘
bdet
`
DVc
˘ (3.35)
specified in the statement of this corollary are induced by homotopy classes of trivializations of the
real bundles
V ϕ‘L
rφ, V ϕ‚‚ ‘V ϕcc ÝÑ S1
that are identified under the isomorphism (3.34) restricted to the real parts of the bundles. The
isomorphism (3.33) is orientation-preserving with respect to these orientations.
We will next obtain an analogue of Corollary 3.13 for real bundle pairs over pP1, ηq. Define a
C-antilinear automorphism of C2 by
cη : C
2 ÝÑ C2, cη
`
v1, v2
˘
“
`
v¯2,´v¯1
˘
;
it has order 4. Let
γ “ OP1p´1q ”
 
pℓ, vqPP1ˆC2 : vPℓĂC2
(
denote the tautological line bundle. For aPZ`, the involution η lifts to a conjugation on 2γba as
rηp´aq1,1 `ℓ, vba, wba˘ “ `ηpℓq, pcηpwqqba, p´cηpvqqba˘.
We denote the induced conjugations on
2OP1paq “
`
2γba
˘˚
and OP1p2aq ” Λ
2
C
`
2OP1paq
˘
by rηpaq1,1 and rηp2aq1 , respectively. We note that rηp2aq1,1 «2rηp2aq1 .
Let a P Zě0 and Da be the real CR-operator on p2OP1p1`2aq, rηp1`2aq1,1 q induced by the standard
B¯-operator on 2OP1p1`2aq. Fix a holomorphic connection ∇ on OP1p1`2aq and a nonzero vector
ePT0P
1. The homomorphism
eva;0 : kerDa ÝÑ
`
p1`aqOP1p1`2aq|0
˘
‘
`
p1`aqOP1p1`2aq|0
˘
,
eva;0pξ1, ξ2q “
`
pξ1p0q,∇eξ1, . . . ,∇
ba
e ξ1q, pξ2p0q,∇eξ2, . . . ,∇
ba
e ξ2q
˘
,
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is then an isomorphism. It thus induces an orientation on detDa from the complex orientation
of OP1p1`2aq|0; we will call the former the complex orientation of detDa.
As before, denote by S1ĂP1 and ΣbĂP1 the unit circle and the unit disk around 0PP1, respectively.
Let ψ10 be the trivialization of p2OP1p1q, rηp1q1,1q over S1 given by
ψ10
`
α1, α2
˘
“
ˆ
iα1p1, zq´iz
´1α2p1, zq
α1p1, zq`z
´1α2p1, zq
˙
P C2 @ pα1, α2qP2OP1p1q|z , zPS
1. (3.36)
This is a component of the composite trivialization appearing in the proof of [5, Proposition 6.2].
The next statement is the analogue of Proposition 3.5 in this setting.
Corollary 3.14. The orientation on detDb0 induced by the trivialization ψ
1
0 as in the proof of [5,
Lemma 2.5] agrees with the complex orientation.
We give three proofs of this statement; they correspond to the three proofs of Proposition 3.5.
Proof 1 . We denote by p1 and p2 the two standard holomorphic sections of OP1p1q:
p1
`
ℓ, pv1, v2q
˘
“ v1, p2
`
ℓ, pv1, v2q
˘
“ v2 @
`
ℓ, pv1, v2q
˘
P γ.
The complex orientation for detDb0 is determined by the basis
s11 ” pp1, p2q, s12 ” pip1,´ip2q, s21 ” p´p2, p1q, s22 ” pip2, ip1q,
for the kernel of the surjective operator Db0.
The trivialization ψ10 extends as a trivialization Ψ
1
0 of p2OP1p1q, rηp1q1,1q over P1´t0,8u by the same
formula. We note that 
Ψ10s11
(
pzq “ p0, 2q,
 
Ψ10s12
(
pzq “ p´2, 0q, 
Ψ10s21
(
pzq “
`
´iz´1p1`z2q, z´1p1´z2q
˘
,
 
Ψ10s22
(
pzq “
`
z´1p1´z2q, iz´1p1`z2q
˘
.
The orientation on detDb0 induced by the trivialization ψ
1
0 is obtained from the isomorphism
kerDb0 ÝÑ R‘R‘
 
Resz“0pΨ
1
0ξq : ξPkerD
b
0
(
, ξ ÝÑ
`
ReptΨ10ξup1qq,Resz“0pΨ
1
0ξq
˘
.
The last space above is a complex subspace of C2. Under this isomorphism, the basis s11, s12, s21, s22
is sent to
p0, 2; 0, 0q, p´2, 0; 0, 0q, p0, 0;´i, 1q, p0, 0; 1, iq.
Thus, an oriented basis for the target of the above isomorphism is given by
p2, 0; 0, 0q, p0, 2; 0, 0q, p0, 0;´i, 1q, p0, 0; 1, iq.
The change of basis matrix from the first basis to this one is given by¨˚
˚˝ 0 ´1 0 01 0 0 0
0 0 1 0
0 0 0 1
‹˛‹‚.
The determinant of this matrix is `1.
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Proof 2 . Define
η3 : P
3 ÝÑ P3, rZ1, Z2, Z3, Z4s ÝÑ
“
Z2,´Z1, Z4,´Z3
‰
,
M1pP
1q “M1pP
1, 1qη,η , M1pP
3q “M1pP
3, 1qη3,η.
We now proceed through the first two paragraphs of the second proof of Proposition 3.5 replacing
τ , τ3, and D
b
2L by η, η3, and D
b
0, respectively. By [5, Lemma 5.3], the isomorphism (3.24) is still
orientation-reversing with respect to the algebraic orientations on M1pP
1q in M1pP
3q defined in [5,
Section 5.2]. The isomorphism (3.25) is now orientation-preserving with respect to the complex
orientation on the left-hand side.
Along with Euler’s sequence for P1 and the orienting procedure of [5, Lemma 2.5], the trivial-
ization ψ10 determines an orientation on M1pP
1q; we will call it the ψ10-orientation. Since the top
exterior power of the real bundle pair
2
`
p2OP1p1q, rηp1q1,1˘ˇˇS1 ÝÑ `S1, η|S1˘ Ă pP1, ηq (3.37)
is canonically a square, it admits a canonical homotopy class of trivializations; see Lemma 2.4 and
Section 5.5 in [5]. Along with Euler’s sequence for P3, it determines an orientation on M1pP
3q;
we will call it the square root orientation. Along with the ψ10-orientation on M1pP
1q, it induces
an orientation on Nrι,0sM; we will call it the ψ
1
0-orientation. Since the square root orientation
on M1pP
3q agrees with the orientation induced by the trivialization 2ψ10 of (3.37), the first iso-
morphism in (3.25) is orientation-preserving with respect to the orientation on the left-hand side
induced by ψ10 and the ψ
1
0-orientation on Nrι,0sM.
As summarized in the paragraph above [5, Remark 6.9], the algebraic orientations on M1pP
1q
and M1pP
3q are the same as the ψ10-orientation and the opposite of the square root orientation,
respectively. Therefore, the ψ10-orientation on Nrι,0sM is the opposite of the algebraic orientation.
Since the second isomorphism in (3.25) is orientation-reversing with respect to the latter, it follows
that the composite isomorphism in (3.25) is orientation-preserving with respect to the orientation
on the left-hand side induced by ψ10. Since this is also the case with respect to the complex
orientation on the left-hand side, these two orientations on kerDb0 agree.
Proof 3 . The reasoning in the third proof of Proposition 3.5 with τ andDb2L replaced by η andD
b
0,
respectively, applies without any changes, except [5, (6.13)] is no longer relevant.
By [5, Lemma 2.4], the homotopy classes of trivializations of p2OP1p1`2aq, rηp1` 2aq1,1 q over S1 corre-
spond to the homotopy classes of trivializations of
Λtop
C
`
2OP1p1`2aq, rηp1` 2aq1,1 ˘ « ΛtopC `2OP1p1q, rηp1q1,1˘b `OP1p2aq, rηp2aq1 ˘b2 (3.38)
over S1. Since the last factor in (3.38) is a square, it has a canonical homotopy class of trivializations
over S1. Thus, the trivialization ψ10 of the first factor on the right-hand side of (3.38) determines a
homotopy class of trivializations of p2OP1p1` 2aq, rηp1` 2aq1,1 q over S1 and thus an orientation on detDba.
The next statement is the analogue of Corollary 3.12; it is deduced from Corollary 3.14 in the same
way as Corollary 3.12 is obtained from Proposition 3.5.
Corollary 3.15. Suppose a PZě0. The orientation on detDba induced by the trivialization ψ
1
0 as
in the proof of [5, Lemma 2.5] agrees with the complex orientation.
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Suppose
0 ÝÑ pV, ϕq ÝÑ pV‚, ϕ‚q ‘ pVc, ϕcq ÝÑ pL, rφq ÝÑ 0 (3.39)
is an exact sequence of real bundle pairs over pP1, ηq such that
pVc, ϕcq “
mà
i“1
p2OP1p1`2aiq, rηp1` 2aiq1,1 q and pL, rφq “ mà
i“1
p2OP1p1`2a
1
iq, rηp1` 2a1iq1,1 q
for some ai, a
1
i PZ
ě0. Since the homotopy classes of trivializations of pVc, ϕcq|S1 correspond to the
homotopy classes of trivializations of pL, rφq|S1 , a homotopy class of trivializations of pV‚, ϕ‚q|S1
determines a homotopy class of trivializations of pV, ϕq|S1 via the exact sequence (3.39). Via
the isomorphism (3.18) with Σb being the unit disk around 0 P C, a trivialization of pV‚, ϕ‚q|S1
thus determines an orientation of the determinant of a real CR-operator DV on the real bundle
pair pV, ϕq. It also determines an orientation of the determinant of a real CR-operator DV‚ on the
real bundle pair pV‚, ϕ‚q. A short exact sequence (3.32) of real CR-operators on the real bundle
pairs in (3.39) gives rise to an isomorphism as in (3.33).
Corollary 3.16. The isomorphism (3.33) is orientation-preserving with respect to
‚ the orientations on detpDV q and detpDV‚q induced by a trivialization of pV‚, ϕ‚q over S
1 and
‚ the complex orientations on detpDLq and detpDVcq.
Proof. By Corollary 3.15, the complex orientations on detpDLq and detpDVcq are induced by the
trivializations mψ10 of pL,
rφq and pVc, ϕcq over S1. The short exact sequence (3.39) determines
a homotopy class of isomorphisms (3.34) over pP1, ηq. Thus, the orientations on (3.35) specified
in the statement of this corollary are induced by homotopy classes of trivializations of the real
bundle pairs
pV, ϕq‘pL, rφq, pV‚, ϕ‚q‘pVc, ϕcq ÝÑ `S1, η|S1˘
that are identified under the isomorphism (3.34) restricted to S1. The isomorphism (3.33) is
orientation-preserving with respect to these orientations.
4 The compatibility of the canonical orientations
In this section, we establish Theorem 1.2. In order to do so, we study how each step in the con-
struction of the orientation on Mg,lpX,B;Jq
φ in [12, Section 5] extends across the strata consisting
of maps from symmetric surfaces with a pair of conjugate nodes. The argument is similar to
[12, Section 6], which studies the extendability of the orientation on Mg,lpX,B;Jq
φ induced by
a real orientation on pX,ω, φq across the codimension-one strata. We also compare the resulting
extensions with the corresponding objects over the normalizations.
4.1 Two-nodal symmetric surfaces
We begin by establishing Proposition 2.2 for symmetric surfaces with one pair of conjugate nodes.
If pΣ, σq is a symmetric surface, possibly nodal and disconnected, and G is a Lie group with a
natural conjugation, such as C˚, SLnC, or GLnC, denote by CpΣ, σ;Gq the topological group of
continuous maps f : ΣÝÑG such that fpσpzqq“fpzq for all zPΣ. The restrictions of such functions
to the fixed locus ΣσĂΣ take values in the real locus of G, i.e. R˚, SLnR, and GLnR, in the three
examples.
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Lemma 4.1. Suppose pΣ, σq is a symmetric surface, possibly nodal and disconnected, xPΣ´Σσ,
and G is a connected Lie group with a natural conjugation. For every f PCpΣ, σ;Gq and an open
neighborhood U ĂΣ of x, there exists a path ft PCpΣ, σ;Gq such that f0“f , f1pxq“ Id, and ft“f
on Σ´UYσpUq.
Proof. By shrinking U , we can assume that UXσpUq “ H. Let ρ : Σ ÝÑ r0, 1s be a smooth σ-
invariant function such that ρpxq “ 1 and ρ“ 0 on Σ´UYσpUq. Choose a path gt PG such that
g0“ Id and g1“fpxq. The path ftPCpΣ, σ;Gq given by
ftpzq “
$’&’%
g´1
ρpzqtfpzq, if zPU ;
gρpzqt
´1fpzq, if zPσpUq;
fpzq, if zRUYσpUq;
has the desired properties.
We will denote the nodes of a connected symmetric surface pΣ, σq with one pair of conjugate
nodes by x˘12. A normalization of such pΣ, x
˘
12, σq is a smooth, possibly disconnected, symmetric
surface prΣ, rσq with two distinguished pairs of conjugate points, px`1 , x´1 q and px`2 , x´2 q; the normal-
ization map takes x`i to x
`
12 and x
´
i to x
´
12.
Lemma 4.2. Suppose pΣ, σq is a connected symmetric surface with one pair of conjugate nodes,
nPZ`, and f PCpΣ, σ; SLnCq. If
f |Σσ : Σ
σ ÝÑ SLnR
is homotopic to a constant map, then f is homotopic to the constant map Id through maps
ft PCpΣ, σ; SLnCq.
Proof. By Lemma 4.1, we can assume that fpx`12q “ Id. Let
rf P CprΣ, rσ; SLnCq be the function
corresponding to f PCpΣ, σ; SLnCq. In particular, rfpx˘1 q, rfpx˘2 q“ Id.
We proceed as in the proof of [12, Lemma 5.4], which contains a picture illustrating a similar
argument. Choose a symmetric half-surface rΣbĂ rΣ and a neighborhood U Ă rΣb of BrΣb so that
either x`1 , x
`
2 P
rΣb´U or x`1 , x´2 P rΣb´U . Let x2“x`2 in the first case, x2“x´2 in the second case,
and x1“x
`
1 in both cases. Take the cutting paths Ci so that x1, x2 RCi and the extensions of the
homotopies of rf from Ci to rΣb so that they do not change rf at x1 or x2. The surface D obtained
by cutting rΣb along these paths is either a disk D2 or two disjoint copies of D2. Choose disjoint
embedded paths γ1 and γ2 in D as in the last paragraph of the proof of [12, Lemma 5.4] from BD
to x1 and x2, respectively. Since rfpxiq “ Id in this case, we can homotope rf to Id over γi while
keeping it fixed at the endpoints. Similarly to the second paragraph in the proof of this lemma,
this homotopy extends over D without changing rf over BD or γ3´i and thus descends to rΣb. We
then cut D along γ1 and γ2 into another disk or a pair of disks and proceed as in the second half
of the last paragraph in the proof of [12, Lemma 5.4]. The doubled homotopy in the proof of this
lemma then satisfies rftpx˘1 q“ rftpx˘2 q and so descends to Σ.
Corollary 4.3. Let pΣ, σq be a connected symmetric surface with one pair of conjugate nodes and
Φ,Ψ: pV, ϕq ÝÑ
`
ΣˆCn, σˆc
˘
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be isomorphisms of real bundle pairs over pΣ, σq. If the isomorphisms
Φ|V ϕ ,Ψ|V ϕ : V
ϕ ÝÑ ΣˆRn,
Λtop
C
Φ,ΛnCΨ: Λ
top
C
pV, ϕq ÝÑ Λtop
C
`
ΣˆCn, σˆc
˘
“
`
ΣˆC, σˆc
˘
are homotopic, then so are the isomorphisms Φ and Ψ.
Proof. The first paragraph of the proof of [12, Corollary 5.5] applies without any changes. The
second paragraph applies with [12, Lemma 5.4] replaced by Lemma 4.2 above.
Lemma 4.4. Proposition 2.2 holds for connected symmetric surfaces with one pair of conjugate
nodes.
Proof. Let rV , rLÝÑ rΣ be complex vector bundles and
ψ1 : rV ˇˇx˘1 ÝÑ rV ˇˇx˘2 and ψ2 : rLˇˇx˘1 ÝÑ rLˇˇx˘2
be isomorphisms of complex vector spaces such that
V “ rV L„, v„ψ1pvq @ vP rV ˇˇx˘1 , and L “ rLL„, v„ψ2pvq @ vP rLˇˇx˘1 .
Denote by rϕ1 and rϕ2 the lift of ϕ to rV and the lift of rφ to rL, respectively. Define`ĂW, rϕ12˘ “ `rV ‘2rL˚, rϕ1‘2rϕ˚2˘, ψ12 “ ψ1 ‘ 2pψ´12 q˚ : ĂW ˇˇx˘1 ÝÑ ĂW ˇˇx˘2 .
Thus, prV , rϕ1q and prL, rϕ2q are real bundle pairs over prΣ, rσq that descend to the real bundle pairs
pV, ϕq and pL, rφq over pΣ, σq. Furthermore,
ψ12 ˝ rϕ12 “ rϕ12 ˝ ψ12 . (4.1)
For any f PCprΣ, rσ; GLn`2Cq, letrΨf : `rΣˆCn`2, rσˆc˘ ÝÑ `rΣˆCn`2, rσˆc˘, rΨf pz, vq “ `z, fpzqv˘.
Let rσ1px˘i q“x˘3´i for i“1, 2.
The choices (RO2) and (RO3) in Definition 1.1 for pΣ, σq lift to prΣ, rσq. By [12, Proposition 5.2],
there thus exists an isomorphism
rΦ: pĂW, rϕ12q ÝÑ `rΣˆCn`2, rσˆc˘
of real bundle pairs over prΣ, rσq that lies in the homotopy class determined by the lifted real
orientation. It satisfies the spin structure requirement of Proposition 2.2. By the proof of [12,
Proposition 5.2], rΦ can be chosen so that it induces the isomorphism in (2.9) over prΣ, rσq determined
by the lift of a given isomorphism in (1.1) over pΣ, σq. This implies that rσ1ˆid(˝ Λtop
C
rΦ( “  Λtop
C
rΦ(˝ Λtop
C
ψ12
(
: Λtop
C
ĂW |
x˘1
ÝÑ tx˘2 uˆΛ
top
C
C
n`2“tx˘2 uˆC. (4.2)
In the next paragraph, we homotope rΦ near x˘1 so that it descends to an isomorphism Ψ over Σ;
the latter satisfies the two properties in the last sentence of Proposition 2.2. By Corollary 4.3, any
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two such isomorphisms Ψ are homotopic.
Define ψ˘PGLn`2C by
idˆψ˘ “
 rσ1ˆId(˝rΦ˝ψ12˝rΦ´1 : tx˘1 uˆCn`2 ÝÑ tx˘1 uˆCn`2 . (4.3)
By (4.2), detCψ
˘“1, i.e. ψ PSLn`2C. By (4.1), ψ`“ψ
´. Since SLn`2C is connected, there exist
f PCprΣ, rσ; SLn`2Cq and a neighborhood U of x`1 in rΣ such that
fpzq “
#
ψ˘, if z“x˘1 ;
Id, if zRUYrσpUq; x˘2 RU, UXrσpUq “ H. (4.4)
By (4.3) and (4.4),  rσ1ˆId(˝ rΨf ˝rΦ “ rΨf ˝rΦ˝ψ12 : ĂW |x˘
1
ÝÑ tx˘2 uˆC
n`2 .
Thus, rΨf ˝rΦ descends to an isomorphism Ψ in (2.8) of real bundle pairs over pΣ, σq that induces
the isomorphism in (2.9) determined by a given isomorphism in (1.1).
Suppose pΣ, x˘12, σq and p
rΣ, x˘1 , x˘2 , rσq are as above. A rank n real bundle pair pV, ϕq over pΣ, σq
lifts to a rank n real bundle pair prV , rϕq over prΣ, rσq. A real orientation on pV, ϕq lifts to a real
orientation on prV , rϕq. A real CR-operator D on pV, ϕq lifts to a real CR-operator rD on prV , rϕq.
There is a short exact sequence of Fredholm operators
0 // ΓpΣ;V qϕ //
D

ΓprΣ; rV qrϕ evx`12 //
rD

Vx`12
//

0
0 // Γ0,1j pΣ;V q
ϕ // Γ0,1j p
rΣ; rV qrϕ // 0 // 0
(4.5)
with the last homomorphism in the top row given by
evx`12
pξq “ ξpx`1 q´ξpx
`
2 q P Vx`12
“ rVx`1 “ rVx`2 .
Thus, there is a canonical isomorphism
det rD « detD b Λ2nR Vx`
12
(4.6)
of real lines.
If Ψ is an isomorphism as in (2.8) and rΨ is its lift to prΣ, rσq, then the diagram
0 // Γ
`
Σ;V ‘2L˚
˘ϕ‘2rφ˚ //
Ψ

Γ
`rΣ; rV ‘2rL˚˘rϕ‘2rφ˚ evx`12 //
rΨ

V
x`12
‘2L˚
x`12
//
Ψ

0
0 // CpΣ, σ;Cn`2q // CprΣ, rσ;Cn`2˘ evx`12 // Cn`2 // 0
commutes. If Ψ is an isomorphism as in (2.8) in the homotopy class determined by a real orientation
on pV, ϕq, then the lift rΨ of Ψ to prV , rϕq lies in the homotopy class of isomorphisms determined by
the induced real orientation on prV , rϕq. These two observations yield the following comparison of
the orientations on the relative determinants provided by Corollary 2.3.
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Corollary 4.5. Let pΣ, σq, prΣ, rσq, pV, ϕq, and prV , rϕq be as above. The isomorphism
xdet rD « `xdetD˘b Λ2nR Vx`12bΛ2nR Cn (4.7)
induced by the isomorphisms (4.6) for pV, ϕq and pΣˆCn, σ cˆq is orientation-preserving with respect
to the orientation on xdetD determined by a real orientation on pV, ϕq, the orientation on xdet rD
determined by the lifted real orientation on prV , rϕq, and the complex orientations of Vx`12 and Cn.
4.2 Smoothings of two-nodal symmetric surfaces
For a disk ∆ĂC centered at the origin, let
∆˚ “ ∆´t0u, ∆2R “
 
pt, t¯q : tP∆
(
, ∆˚2R “ ∆
˚2X∆2R ,
τ∆ : ∆
2 ÝÑ ∆2, τ∆
`
t`, t´
˘
“
`
t´, t`
˘
.
Thus, ∆2
R
is the fixed locus of the anti-complex involution τ∆ on ∆
2.
Let C ” pΣ, z1, . . . , zlq be a marked Riemann surface with two nodes and π : U ÝÑ ∆
2 be a
holomorphic map from a complex manifold with sections s1, . . . , sl : ∆
2 ÝÑ U . We will call the
tuple pπ, s1, . . . , slq a smoothing of C if
‚ Σt”π
´1ptq is a smooth compact Riemann surface for all tP∆˚2;
‚ siptq‰sjptq for all tP∆
2 and i‰j;
‚ pΣ0, s1p0q, . . . , slp0qq“C.
Suppose C”pΣ, pz`1 , z
´
1 q, . . . , pz
`
l , z
´
l qq is a marked symmetric Riemann surface with involution σ
and a pair of conjugate nodes, pπ, s1, . . . , slq is as above, and rτ∆ : U ÝÑU is an anti-holomorphic
involution lifting the involution τ∆. We will call the tuple pπ, rτ∆, s1, . . . , slq a smoothing of C if
pπ, s1, rτ∆˝s1, . . . , sl, rτ∆˝slq is a smoothing of C and rτ∆|Σ0 “ σ. In such a case, let σt “ rτ∆|Σt for
each tP∆2
R
.
With pπ, rτ∆, s1, . . . , slq as above, denote by x˘12 PΣ and rΣÝÑΣ the nodes and the normalization
of Σ, respectively, and set Σ˚“Σ´tx˘12u. Let
U`0 ”
 
pt`, t´, z`1 , z
`
2 qP∆
2ˆC2 : |z`1 |, |z
`
2 |ă1, z
`
1 z
`
2 “ t
`
(
,
U´0 ”
 
pt`, t´, z´1 , z
´
2 qP∆
2ˆC2 : |z´1 |, |z
´
2 |ă1, z
´
1 z
´
2 “ t
´
(
.
As fibrations over ∆,
U «
`
U`0 \U
´
0 \U
1
˘L
„, pt, z˘1 , z
˘
2 q „
#
pt, z˘1 q, if |z
˘
1 |ą|z
˘
2 |;
pt, z˘2 q, if |z
˘
1 |ă|z
˘
2 |;
(4.8)
for some family U 1 of deformations of Σ˚ over ∆2, a choice of coordinates z˘i on
rΣ centered at x˘i ,
and their extensions to U . The local coordinates z˘i and the family U
1 in (4.8) can be chosen so
that U 1 is preserved by rτ∆ and the identification in (4.8) intertwines rτ∆ with the involution
U˘0 ÝÑ U
¯
0 ,
`
t`, t´, z˘1 , z
˘
2
˘
ÝÑ
`
t´, t`, z˘1 , z
˘
2
˘
. (4.9)
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In particular, U retracts onto Σ0 respecting the involution rτ∆.
Suppose π : U ÝÑ∆2 and rτ∆ are as above, pV, ϕq ÝÑpU , rτ∆q is a real bundle pair, and ∇ and A
are a connection and a 0-th order deformation term on pV, ϕq as in Section 2.2. The restriction of
∇ and A to pV, ϕq|pΣt ,σtq with t P∆
2
R
determines a real CR-operator Dt. By [16, Appendix D.4]
and [4, Section 3.2], the determinant lines of these operators form a line bundle
detDpV,ϕq ÝÑ ∆
2
R . (4.10)
We denote by det B¯CÝÑ∆
2
R
the determinant line bundle associated with the standard holomorphic
structure on pUˆC, rτ∆ˆcq. The proof of the next statement is essentially identical to the proof of
[12, Corollary 6.7], with Lemma 4.4 replacing the use of [12, Proposition 6.2].
Corollary 4.6. Let pπ, rτ∆q, pV, ϕq, and p∇, Aq be as above. Then a real orientation on pV, ϕq as
in Definition 1.1 induces an orientation on the line bundlexdetDpV,ϕq ” `detDpV,ϕq˘b pdet B¯Cqbn ÝÑ ∆2R, (4.11)
where n“rkCV . The restriction of this orientation to the fiber over each tP∆
˚2
R
is the orientation
on xdetDt induced by the restriction of the real orientation to pV, ϕq|pΣt ,σtq as in Corollary 2.3.
Let pΣ, σq be a smooth symmetric surface and pL, rφq be a rank 1 real bundle pair over pΣ, σq. For
a pair x”px`, x´q of conjugate points of pΣ, σq, define
Lpxq “ L
`
x``x´
˘
, Lb2pxq “ LbCLpxq,
 
Lpxqb2
(0
x
“
`
Lpxqb2|x`‘Lpxq
b2|x´
˘rφb2
, 
Lpxqb2
(1
x
“
 
Lpxqb2
(0
x
‘
`
Lb2pxq|x`‘L
b2pxq|x´
˘rφb2
.
The projection  
Lpxqb2
(1
x
ÝÑ
 
Lpxqb2
(1
x`
” Lpxqb2|x`‘L
b2pxq|x`
is an isomorphism of real vector spaces and thus induces an orientation on its domain from the
complex orientation of its target. This induced orientation is invariant under the interchange of
x` and x´; we will call it the canonical orientation of tLpxqb2u1x.
For a real CR-operator DLpxqb2 on pLpxq, rφqb2, there is a short exact sequence
0 // Γ
`
Σ;Lb2pxq
˘rφ //
D
Lb2pxq

Γ
`
Σ;Lpxqb2
˘rφ //
D
Lpxqb2

 
Lpxqb2
(0
x
//

0
0 // Γ0,1j
`
Σ;Lb2pxq
˘rφ // Γ0,1j `Σ;Lpxqb2˘rφ // 0
of Fredholm operators. By (2.4), it induces a canonical isomorphism
detDLpxqb2 «
`
detDLb2pxq
˘
b Λ2R
` 
Lpxqb2
(0
x
˘
. (4.12)
The analogous exact sequence for an operator DLb2pxq on pL
b2pxq, rφb2q yields an isomorphism
detDLb2pxq «
`
detDLb2
˘
b Λ2R
``
Lb2pxq|x`‘L
b2pxq|x´
˘rφ2˘
. (4.13)
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Combining these two isomorphisms with the identity isomorphism on det B¯Σ;C, we obtain an iso-
morphism xdetDLpxqb2 « `xdetDLb2˘b Λ4R` Lpxqb2(1x˘. (4.14)
Corollary 4.7. With notation as above, suppose the real vector bundle L
rφ ÝÑΣσ is orientable.
The isomorphism (4.14) is orientation-preserving with respect to the orientations induced by Corol-
laries 2.3 and 2.4 on xdetDLpxqb2 and xdetDLb2 and the canonical orientation on tLpxqb2u1x.
Proof. Let ppΣ, pσq be the two-nodal symmetric surface consisting of pΣ, σq with a 0-doublet P1`\P1´
attached at x` and x´; see (1.7). Let px” ppx`, px´q be a pair of conjugate points on pΣ´Σ, withpx`PP1`, and ppL, pφq be the rank 1 real bundle pair over ppΣ, pσq such that`pL, pφ˘ˇˇ
Σ
“
`
L, rφ˘, `pL, pφ˘ˇˇ
P1`\P
1
´
“
`
OP1`
\OP1´ , pσ|P1`\P1´ˆc˘.
Choose a smoothing
π : U ÝÑ ∆2, rτ∆ : U ÝÑ U , s : ∆2 ÝÑ U
of ppΣ, ppx`, px´q, pσq. For tP∆˚2
R
, pΣt, σtq«pΣ, σq.
Let pV, ϕq be a real bundle pair over pU , rτ∆q that restricts to ppL, pφq over pΣ and
V psq “ V
`
s` rτ∆ s˝˘.
For tP∆˚2
R
, the restrictions of the real bundle pairs pV, ϕq and pV psq, ϕq to pΣt, σtq are isomorphic
to pL, rφq and pLpxq, rφq, respectively. The canonical real orientations on ppL, pφqb2 and ppLppxq, pφqb2
provided by Corollary 2.4 (like all other real orientations) extend to real orientations on pV, ϕqb2
and pV psq, ϕqb2, respectively. The restrictions of the latter to
‚ pΣt, σtq with tP∆
˚2
R
are the canonical real orientations on pL, rφqb2 and pLpxq, rφqb2, respectively,
‚ ΣĂ pΣ are the canonical real orientation on pL, rφqb2,
‚ P1`\P
1
´ are the canonical real orientations on`
OP1`
\OP1´, pσ|P1`\P1´ˆc˘b2 and `OP1`ppx`q\OP1´ppx´q, pσ|P1`\P1´ˆc˘b2,
respectively.
Let DpV,ϕqb2;t be a family of real CR-operators on pV, ϕq
b2 as above Corollary 4.6; we can assume
that it restricts to the standard B¯-operator over the 0-doublet. It induces a family DpV psq,ϕqb2;t of
real CR-operators on pV psq, ϕqb2. Let
DpLb2 “ DpV,ϕqb2;0 and DpLppxqb2 “ DpV psq,ϕqb2;0
be the restrictions of these operators to ppΣ, pσq. Similarly to (4.12),
xdetDpV psq,ϕqb2 « `xdetDpV,ϕqb2˘b Λ4R` V psqb2(1s˘
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as real line bundles over tP∆2
R
. By the first bullet point above and Corollary 4.6, it is thus sufficient
to show that the isomorphism
xdetDpLppxqb2 « `xdetDpLb2˘b Λ4R` pLppxqb2(1px˘ (4.15)
is orientation-preserving with respect to the orientations on xdetDpLppxqb2 and xdetDpLb2 induced by
the canonical real orientations on ppLppxq, pφqb2 and ppL, pφqb2, respectively, and the complex orienta-
tion on tpLppxqb2u1px.
Let prL, rϕq be the lift of ppL, pφq to the normalization prΣ, rσq of ppΣ, pσq; the latter consists of pΣ, σq and
the 0-doublet P1`\P
1
´. The isomorphisms (4.7) induce a commutative diagram
xdetDrLppxqb2 //

xdetDpLppxqb2 b Λ2RLx`bΛ2RC
`xdetDrLb2˘b Λ4R` rLppxqb2(1px˘ // `xdetDpLb2˘b Λ2RLx`bΛ2RCb Λ4R` pLppxqb2(1px˘.
By the second and third bullet points above and Corollary 4.5, the horizontal isomorphisms in this
diagram are orientation-preserving with respect to the orientations on the relative determinants
induced by Corollaries 2.3 and 2.4 and with respect to the complex orientations on the remaining
lines.
The left vertical isomorphism in the diagram is the tensor product of the isomorphisms
xdetDrL`pxqb2|Σ « xdetDrLb2|Σ andxdetDrL`pxqb2|
P1`\P
1
´
«
`xdetDrLb2|
P1`\P
1
´
˘
b Λ4R
` rLppxqb2(1px˘. (4.16)
The first of these isomorphisms is orientation-preserving with respect to the canonical real orien-
tations because rLppxq|Σ “ rL|Σ. Under the restrictions to P1` as in (3.2), the second isomorphism
in (4.16) corresponds to an isomorphism induced by two short exact sequences of C-linear ho-
momorphisms. Thus, it is orientation-preserving with respect to the complex orientations onxdetDrLppxqb2|
P1`\P
1
´
q and
xdetDrLb2|
P1`\P
1
´
as in Section 3.1. By Lemma 3.1, these complex orienta-
tions are the same as the orientations induced by any real orientations on the squares. Thus, the
second isomorphism in (4.16) and the left vertical isomorphism in the commutative diagram are
orientation-preserving with respect to the orientations on the relative determinants induced by
Corollaries 2.3 and 2.4. Along with the last sentence of the previous paragraph, this implies that
the right vertical isomorphism is also orientation-preserving with respect to these orientations.
Let rΣ be a smooth Riemann surface and x P rΣ. A holomorphic vector field ξ on a neighborhood
of x in rΣ with ξpxq“0 determines an element
∇ξ
ˇˇ
x
P T ˚x
rΣbC TxrΣ “ C .
Similarly, a meromorphic one-form η on a neighborhood of x in rΣ has a well-defined residue at x,
which we denote by Rxη. For a holomorphic line bundle LÝÑ rΣ, we denote by ΩpLq the sheaf of
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holomorphic sections of L.
If pΣ, σq is a symmetric Riemann surface with a pair of conjugate nodes x˘12PΣ and x
˘
1 , x
˘
2 P
rΣ are
the preimages of the nodes in its normalization, let
T rΣp´xq “ T rΣ`´ x`1 ´x´1 ´x`2 ´x´2 ˘, T ˚rΣpxq “ T ˚rΣ`x`1 `x´1 `x`2 `x´2 ˘.
The next statement is the analogue of [12, Lemma 6.8] in the present situation.
Lemma 4.8. Suppose pπ : UÝÑ∆2, rτ∆q is a smoothing of pΣ, σq as above. There exist holomorphic
line bundles T , pT ÝÑU with involutions ϕ, pϕ lifting rτ∆ such that
pT , ϕq
ˇˇ
Σt
“
`
TΣt,drτ∆|TΣt˘, ppT , pϕqˇˇΣt “ `T ˚Σt, pdrτ∆|TΣtq˚˘ @ tP∆˚2,
Ω
`
T |Σ0
˘
“
 
ξPΩ
`
T rΣp´xq˘ : ∇ξ|
x˘1
`∇ξ|
x˘2
“0
(
,
Ω
`pT |Σ0˘ “  ηPΩ`T ˚rΣpxq˘ : Rx˘1 η`Rx˘2 η“0(.
Furthermore, ppT , pϕq«pT , ϕq˚.
Proof. We continue with the notation as in (4.8) and (4.9). Denote by T vrtU 1ÝÑU 1 the vertical
tangent bundle. Let
T “
`
U`0 ˆC\ U
´
0 ˆC\ T
vrtU 1
˘L
„, pT “ `U`0 ˆC\ U´0 ˆC\ pT vrtU 1q˚˘L„,
pt, z˘1 , z
˘
2 , cq „
$&%c z
˘
1
B
Bz˘1
ˇˇ
pt,z˘1 q
, if |z˘1 |ą|z
˘
2 |;
´c z˘2
B
Bz˘2
ˇˇ
pt,z˘2 q
, if |z˘1 |ă|z
˘
2 |;
pt, z˘1 , z
˘
2 , cq „
$’’&’’%
c
d
pt,z˘
1
q
z˘1
z˘1
, if |z˘1 |ą|z
˘
2 |;
´c
d
pt,z˘
2
q
z˘
2
z˘2
, if |z˘1 |ă|z
˘
2 |.
Under the identifications (4.8), the vector field and one-form on a neighborhood of the node in U
associated with pt, z˘1 , z
˘
2 , cqPU
˘
0 ˆC correspond to the vector field and one-form on U
˘
0 given by
c
ˆ
z˘1
B
Bz˘1
´ z˘2
B
Bz˘2
˙
and c
dz˘1 |Σt
z˘1
“ ´c
dz˘2 |Σt
z˘2
,
respectively (the above equality of one-forms holds for t˘ ‰ 0). Thus, T and pT have the desired
restriction properties. The identifications in the construction of T and pT above intertwine the
trivial lift of (4.9) to a conjugation on pU`0 \U
´
0 qˆC with the conjugations on T
vrtU 1 and pT vrtU 1q˚
induced by drτ∆. Thus, they induce conjugations ϕ and pϕ on T and pT . By the same reasoning as in
the proof of [12, Lemma 6.8], ppT , pϕq and pT , ϕq˚ are isomorphic as real bundle pairs over pU , rτ∆q.
Corollary 4.9. Let pΣ, σq, pπ, rτ∆q, and T , pT ÝÑU be as in Lemma 4.8. The orientation on the
restriction of the real line bundle
xdet B¯p pT ,pϕqb2 ” `det B¯p pT ,pϕqb2˘b `det B¯C˘ ÝÑ ∆2R (4.17)
to ∆˚2
R
determined by the canonical isomorphisms of Corollaries 2.3 and 2.4 extends across t“0 as
the orientation determined by the canonical isomorphism of Corollaries 2.3 and 2.4 for the nodal
symmetric surface pΣ, σq.
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Proof. By Corollaries 2.3 and 2.4, the restriction of the real bundle pair`pT b2‘2T , pϕb2‘2ϕ˘ ÝÑ pU , rτ∆q (4.18)
to the central fiber pΣ, σq has a canonical real orientation. Since U retracts onto Σ respecting the
involution rτ∆, this real orientation extends to a real orientation on (4.18) which restricts to the
canonical real orientation over each fiber pΣt, σtq with t P ∆
˚2
R
. By Corollary 4.6, the extended
real orientation induces an orientation on the real line bundle (4.17) over ∆2
R
. The restriction of
this orientation to the fiber over each t P∆˚2
R
is the orientation induced by the restriction of the
extended real orientation to the fiber of (4.18) as in Corollary 2.3, i.e. the canonical orientation on
each fiber of (4.17).
The next two statements are the analogues of [12, Lemmas 6.9,6.10] for smoothings of two-nodal
Riemann surfaces and hold for the same reasons.
Lemma 4.10 (Dolbeault Isomorphism). Suppose pΣ, σq and pπ, rτ∆q are as in Lemma 4.8 and
pL, rφqÝÑpU , rτ∆q is a holomorphic line bundle so that degL|Σă 0 and degL|Σ1 ď 0 for each irre-
ducible component Σ1ĂΣ. The families of vector spaces H1
B¯
pΣt;Lq and qH1pΣt;Lq then form vector
bundles R1
B¯
π˚L and qR1π˚L over ∆2 with conjugations lifting τ∆ which are canonically isomorphic
as real bundle pairs over p∆2, τ∆q.
Lemma 4.11 (Serre Duality). Suppose pΣ, σq, pπ, rτ∆q, and ppT , pϕq are as in Lemma 4.8 and
pL, rφqÝÑpU , rτ∆q is a holomorphic line bundle so that degL|Σą2gapΣq´ 2 and degL|Σ1ě2gapΣ1q´ 2
for each irreducible component Σ1ĂΣ. The family of vector spaces H0
B¯
pΣt;Lq then forms a vector
bundle R0
B¯
π˚L over ∆ with a conjugation lifting τ∆ and there is a canonical isomorphism
R1B¯π˚
`
L˚b pT ˘ « `R0B¯π˚L˘˚ (4.19)
of real bundle pairs over p∆2, τ∆q.
4.3 Canonical isomorphisms and canonical orientations
Let pΣ, x˘12, σq be a symmetric surface with a pair of conjugate nodes. We will next compare the
orientations of isomorphisms of determinant lines associated with pΣ, σq which are induced via
its smoothings pΣt, σtq as in Section 4.2 and via its normalization prΣ, rσq. We continue with the
notation introduced in Section 4.2.
Let Cx, Sx ÝÑ rΣ denote the skyscraper sheaves with fibers C at the preimages x˘i of the nodes
of Σ and fibers T ˚
x˘
i
rΣ, respectively. The projections
H0
`rΣ;Cx˘rσ ÝÑ C2 “ H0`rΣ;Cx`1 q‘H0prΣ;Cx`2 ˘,
H0
`rΣ;Sx˘rσ ÝÑ T ˚x`
1
rΣ‘ T ˚
x`
2
rΣ “ H0`rΣ;Sx`1 ˘‘H0`rΣ;Sx`2 ˘ (4.20)
to the values at x`1 and x
`
2 are isomorphisms. We use the first isomorphism to orient H
0prΣ;Cxqrσ
from the standard orientation on C. We use the second isomorphism to orient H0prΣ;Sxqrσ from the
orientations on T ˚
x`1
rΣ and T ˚
x`2
rΣ induced from the complex orientations on T
x`1
rΣ and T
x`2
rΣ, respec-
tively, as in the proof of Lemma 3.2. As indicated at the beginning of Section 3.1, the orientation
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on each T ˚
x`i
rΣ induced from the complex orientation of Tx`i rΣ is the opposite of the complex ori-
entation of T ˚
x`
i
rΣ. Thus, the induced orientation on T ˚
x`
1
rΣ‘T ˚
x`
2
rΣ agrees with the complex orientation.
The residues of meromorphic one-forms on rΣ provide canonical identifications
T ˚rΣpxqˇˇ
x`i
« C .
With the notation as in Corollary 4.7, we thus have 
T ˚rΣpxqb2(1
x
”
 
T ˚rΣpxqb2(1
px`1 ,x
´
1 q
‘
 
T ˚rΣb2pxq(1
px`2 ,x
´
2 q
“ H0
`rΣ;Cx˘rσ‘H0`rΣ;Sx˘rσ .
With L“T ˚rΣ, (4.14) becomes
xdetB¯
pT˚ rΣpxq,pdrσq˚qb2 « `xdetB¯pT˚ rΣ,pdrσq˚qb2˘b Λ2RCbΛ2RCb Λ4R`H0prΣ;Sxqrσ˘. (4.21)
Let C
x˘12
ÝÑΣ be the skyscraper sheaf over x˘12. By Lemma 4.8, there is an exact sequence
0 ÝÑ OppT b2q ÝÑ O`T ˚rΣpxqb2˘ ÝÑ Cx`12‘Cx´12 ÝÑ 0
of sheaves over Σ. Thus, (4.6) applied with ppT , pϕqb2|Σ and pΣˆC, σˆcq determines an isomorphism`xdet B¯
p pT ,pϕqb2|Σ˘b Λ2RCbΛ2RC « xdet B¯pT˚ rΣpxq,pdrσq˚qb2 . (4.22)
Combining this isomorphism with (4.21), we obtain an isomorphism`xdet B¯
p pT ,pϕqb2|Σ˘b Λ2RCbΛ2RC « `xdet B¯pT˚ rΣ,pdrσq˚qb2˘b Λ2RCbΛ2RCb Λ4R`H0prΣ;Sxqrσ˘. (4.23)
Corollary 4.12. Let pΣ, σq, prΣ, rσq, pπ, rτ∆q, and T , pT ÝÑ U be as in Lemma 4.8. The isomor-
phism (4.23) is orientation-preserving with respect to
‚ the canonical orientation of Corollary 4.9 on xdet B¯
p pT ,pϕqb2|Σ ,
‚ the canonical orientation of Corollaries 2.3 and 2.4 on xdet B¯
pT˚ rΣ,pdrσq˚qb2,
‚ the orientation on H0prΣ;Sxqrσ described above and the complex orientation on C.
Proof. The canonical orientation of Corollary 4.9 on xdet B¯
p pT ,pϕqb2|Σ is the orientation induced by
the canonical real orientation on the restriction of ppT , pϕq to Σ. The latter lifts to the canonical
real orientation on the real bundle pair`
T ˚rΣpxq, pdrσq˚˘b2 ÝÑ prΣ, rσq. (4.24)
By Corollary 4.5, the isomorphism (4.22) is thus orientation-preserving with respect to the ori-
entation in the first bullet item above, the complex orientation on C, and the orientation onxdet B¯pT˚ rΣpxq,pdrσq˚qb2 induced by the canonical real orientation on (4.24). By Corollary 4.7, the
isomorphism (4.21) is orientation-preserving with respect to the latter and the orientations in the
second and third bullet items above. The last two statements together imply the claim.
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Let pπ, rτ∆, s1, . . . , slq be a smoothing of a marked symmetric Riemann surface
C ”
`
Σ, pz`1 , z
´
1 q, . . . , pz
`
l , z
´
l q
˘
(4.25)
with a pair of conjugate nodes, T , pT ÝÑU be the holomorphic line bundles with involutions ϕ, pϕ
as in Lemma 4.8, and
T C “ T
`
´s1´rτ∆˝s1´. . .´sl´rτ∆˝sl˘, pT C “ pT `s1`rτ∆˝s1`. . .`sl`rτ∆˝sl˘.
By the last statement of Lemma 4.8, T C˚“ pT C. LetrC “ `rΣ, pz`1 , z´1 q, . . . , pz`l , z´l q, px`1 , x´1 q, px`2 , x´2 q˘, (4.26)
T rC “ T rΣ`´z`1 ´z´1 ´. . .´z`l ´z´l ´x`1 ´x´1 ´x`2 ´x´2 ˘,
T ˚ rC “ T ˚rΣ`z`1 `z´1 `. . .`z`l `z´l `x`1 `x´1 `x`2 `x´2 ˘.
Let SC ÝÑ Σ and S rC ÝÑ rΣ be the skyscraper sheaves of the cotangent bundles at the marked
points as in the proof of Lemma 3.2. We also denote by SCĂS rC the lift of SC to rΣ, i.e. the natural
complement of the subsheaf Sx of S rC.
By Lemma 4.8, taking the (second order) residues of sections of pT Cb pT at x`1 P rΣ induces an
isomorphism
det B¯p pT Cb pT ,pϕb2q|Σ « det B¯pT˚ rCbT˚rΣ,pdrσq˚b2q b Λ2RC; (4.27)
it corresponds to the isomorphism (2.4) for the short exact sequence of Fredholm operators rep-
resented by the middle column in Figure 1. Combining (4.27) with the isomorphism (4.6) for the
trivial rank 1 real bundle pair pV, ϕq, we obtain an isomorphism`xdet B¯p pT Cb pT ,pϕb2q|Σ˘b Λ2RC « `xdet B¯pT˚ rCbT˚rΣ,pdrσ˚qb2q˘b Λ2RC. (4.28)
The exact sequence represented by the middle row in Figure 1 and its analogue for rC determine
isomorphisms
det B¯
p pT Cb pT ,pϕb2q|Σ « `det B¯p pT ,pϕqb2|Σ˘b ΛtopR `H0pΣ;SCqσ˘,
det B¯
pT˚ rCbT˚rΣ,pdrσ˚qb2q « `det B¯pT˚ rΣ,pdrσ˚qqb2˘b ΛtopR `H0prΣ;S rCqrσ˘. (4.29)
The isomorphisms (4.29) induce orientations on the first factors on the two sides of (4.28) from
(1) the orientations of H0pΣ;SCqσ and H0prΣ;S rCqrσ described in the proof of Lemma 3.2, and
(2) the canonical orientations on
xdet B¯
p pT ,pϕqb2|Σ ” `det B¯p pT ,pϕqb2|Σ˘b `det B¯C|Σ˘ andxdet B¯pT˚ rΣ,pdrσq˚qb2 ” `det B¯pT˚ rΣ,pdrσq˚qb2˘b `det B¯C|rΣ˘ (4.30)
provided by Corollaries 2.3 and 2.4.
Corollary 4.13. The isomorphism (4.28) is orientation-preserving with respect to the two orien-
tations described above and the complex orientation on C.
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0
0

0

0 // Γ
`rΣ;T ˚rΣpxqbT ˚rΣ˘rσ //

Γ
`rΣ;T ˚ rCbT ˚rΣ˘rσ //

H0prΣ;SCqrσ //
id

0
0 // Γ
`
Σ; pT b2˘σ //
ev
x
`
12

ΓpΣ; pT Cb pT qσ //
ev
x
`
12

H0pΣ;SCqσ //

0
0 // C //

C //

0
0 0
Figure 1: Commutative diagram for the proof of Corollary 4.13
Proof. The exact sequence represented by the first row in Figure 1 and the l“0 case of the second
isomorphism in (4.29) determine isomorphisms
det B¯
pT˚ rCbT˚rΣ,pdrσ˚qb2q « `det B¯pT˚ rΣpxqbT˚ rΣ,pdrσ˚qb2q˘b ΛtopR `H0prΣ;SCqrσ˘,
det B¯
pT˚ rΣpxqbT˚rΣ,pdrσ˚qb2q « `det B¯pT˚ rΣ,drσ˚qb2˘b Λ4R`H0prΣ;Sxqrσ˘. (4.31)
The second isomorphism in (4.29) is the composition of the first isomorphism in (4.31) and the
second one tensored with the identity on Λtop
R
pH0prΣ;SCqrσq.
Combining the analogue of (4.27) for l “ 0 (i.e. the isomorphism induced by the left column in
Figure 1) with the isomorphism (4.6) for the trivial rank 1 real bundle pair pV, ϕq, we obtain an
isomorphism `xdet B¯p pT ,pϕqb2|Σ˘b Λ2RC « `xdet B¯pT˚ rΣpxqbT˚ rΣ,pdrσ˚qb2q˘b Λ2RC. (4.32)
The canonical orientation on the second line in (4.30) and the second isomorphism in (4.31) in-
duce an orientation on the first factor on the right-hand side of (4.32). By the commutativity
of the squares in Figure 1, it is sufficient to show that the isomorphism (4.32) is orientation-
preserving with respect to the canonical orientation on xdet B¯
p pT ,pϕqb2|Σ , the above orientation onxdet B¯pT˚ rΣpxqbT˚ rΣ,pdrσ˚qb2q, and the complex orientation on C.
The composition of the isomorphism (4.32) tensored with the identity on Λ2
R
C and the second
isomorphism in (4.31) tensored with the identities on det B¯rΣ;C and two copies of Λ2RC is homotopic
to the isomorphism (4.23). By the previous paragraph, the claim is thus equivalent to the isomor-
phism (4.23) being orientation-preserving with respect to the canonical orientations on the first
factors on the two sides, the complex orientation on C, and the orientation on Λ4
R
pH0prΣ;Sxqrσq
induced as in the paragraph containing (4.20). This is indeed the case by Corollary 4.12.
The next two statements are obtained from Lemmas 4.10 and 4.11 in the same way as [12, Corol-
lary 6.12] is obtained from [12, Lemmas 6.9,6.10].
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Corollary 4.14. If the marked curve (4.25) is stable, the orientation on the restriction of the real
line bundle
Λtop
R
`
p qR1π˚T Cqσ˘b ΛtopR ``R1B¯π˚T C˘σ˘ ÝÑ ∆2R
to ∆˚2
R
induced by Dolbeault Isomorphism extends across t“ 0 as the orientation induced by Dol-
beault Isomorphism for the nodal symmetric surface pΣ, σq.
Corollary 4.15. If the marked curve (4.25) is stable, the orientation on the restriction of the real
line bundle
Λtop
R
``
R1B¯π˚T C
˘σ˘
b Λtop
R
``
pR0B¯π˚p
pT Cb pT qqσ˘˚˘ ÝÑ ∆2R
to ∆˚2
R
induced by Serre Duality as in the proof of [12, Proposition 5.9] extends across t“0 as the
orientation induced by Serre Duality for the nodal symmetric surface pΣ, σq.
We continue with the setup for (4.26). By Lemma 4.8, there is an exact sequence
0 ÝÑ OpT C|Σq ÝÑ O
`
T rC˘ ÝÑ C
x`12
‘C
x´12
ÝÑ 0 (4.33)
of sheaves with lifts of the involution σ over Σ. The projection ofqH0`Σ;C
x`12
‘C
x´12
˘σ
Ă qH0`Σ;C
x`12
˘
‘ qH0`Σ;C
x´12
˘
“ C‘C (4.34)
to the first component induces an isomorphism of real vector spaces.
If C is stable, the real part of the cohomology sequence induced by (4.33), its analogue in Dolbeault
cohomology, and Dolbeault Isomorphism induce a commutative diagram
0 // C //
id

qH1`Σ;OpT C|Σq˘σ //
DI

qH1`rΣ;O`T rC˘˘σ //
DI

0
0 // C // H1
`
Σ;T C
˘σ // H1`rΣ;T rC˘σ // 0
(4.35)
of exact sequences. In particular, there are canonical isomorphisms
Λtop
R
` qH1`Σ;OpT C|Σq˘σ˘ « ΛtopR ` qH1`rΣ;O`T rC˘˘σ˘b ΛtopR C ,
Λtop
R
`
H1
`
Σ;T C
˘σ˘
« Λtop
R
`
H1
`rΣ;T rC˘σ˘b Λtop
R
C .
(4.36)
Combining them together, we obtain an isomorphism
Λtop
R
` qH1`Σ;OpT C|Σq˘σ˘bΛtopR `H1pΣ;T Cqσ˘
«
´
Λtop
R
` qH1`rΣ;OpT rC˘˘σ˘bΛtop
R
`
H1prΣ;T rCqσ˘¯b Λ2RCbΛ2RC. (4.37)
Corollary 4.16. The isomorphism (4.37) is orientation-preserving with respect to the canonical
orientation of Corollary 4.14 on the left-hand side, the orientation on the first tensor product on
the right-hand side induced by Dolbeault Isomorphism, and the canonical orientation on the last
tensor product.
Proof. By the commutativity of the diagram (4.35), the isomorphism (4.37) is orientation-preserving
with respect to the orientations on the left-hand side and on the first tensor product on the right-
hand side induced by Dolbeault Isomorphism. The former is the orientation of Corollary 4.14.
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Combining the dual of (4.27) with the second isomorphism in (4.36), we obtain an isomorphism
Λtop
R
`
H1pΣ;T Cqσ
˘
bΛtop
R
``
H0pΣ; pT Cb pT qσ˘˚˘
«
´
Λtop
R
`
H1prΣ;T rCqσ˘bΛtop
R
``
H0prΣ;T ˚ rCbT ˚rΣqσ˘˚˘¯b Λ2RCbΛ2RpC_q , (4.38)
where C_“HomCpC,Cq. The complex orientation on C induces an orientation on C
_ under the
isomorphism (3.1). The latter is the opposite of the complex orientation of C_.
Corollary 4.17. The isomorphism (4.38) is orientation-preserving with respect to the canonical
orientation of Corollary 4.15 on the left-hand side, the orientation on the first tensor product on
the right-hand side induced by Serre Duality, and the complex orientations on C and C_.
Proof. Since the diagram
0 // C //
b
H1
`
Σ;T C
˘σ //
b
H1
`rΣ;T rC˘σ //
b
0
0 Coo

H0
`
Σ; pT Cb pT ˘σoo

H0prΣ;T ˚ rCbT ˚rΣqσoo

0oo
R R R
induced by the imaginary parts of the Serre Duality pairings commutes, the isomorphism (4.38)
is orientation-preserving with respect to the orientations on the left-hand side and on the first
tensor product on the right-hand side induced by Serre Duality and the complex orientations on C
and C_. The former is the orientation of Corollary 4.15. The first pairing in the above diagram is
the real part of a C-linear pairing and thus identifies the oriented real vector space C in the first
row with the complex dual C_ of the vector space C in the second row.
4.4 Comparison of the canonical orientations
Before establishing Theorem 1.2 at the end of this section, we obtain its analogue for the real
Deligne-Mumford moduli spaces; see Proposition 4.18 below. This is done after comparing the be-
havior of the Kodaira-Spencer (KS) map under the smoothings and normalization of a symmetric
surface pΣ, σq with a pair of conjugate nodes; see Lemma 4.19.
Let g PZ and l PZě0 be such that g` lě 2. The identification of the last two pairs of conjugate
marked points induces an immersion
ι : RM
‚
g´2,l`2 ÝÑ RM
‚
g,l ; (4.39)
the image RN ‚g,l of RM
‚
g´2,l`2 under this immersion consists of symmetric surfaces with one pair
of conjugate nodes. There is a canonical isomorphism
N ι ”
ι˚TRM
‚
g,l
TRM
‚
g´2,l`2
« Ll`1bCLl`2
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of the normal bundle of ι with the tensor product of the universal tangent line bundles for the first
points in the last two conjugate pairs. Thus, there is a canonical isomorphism
ι˚
`
Λtop
R
`
TRM
‚
g,l
˘˘
« Λtop
R
pTRM
‚
g´2,l`2q b Λ
2
R
`
Ll`1bCLl`2
˘
(4.40)
of real line bundles over RM
‚
g´2,l`2.
Combining the isomorphism (4.40) with the isomorphism (4.6) for the trivial rank 1 real bundle
pair pV, ϕq, we obtain an isomorphism`
Λtop
R
pTRM‚g´2,l`2qbpdet B¯Cq
˘
b Λ2R
`
Ll`1bCLl`2
˘
« ι˚
`
Λtop
R
`
TRM
‚
g,l
˘
bpdet B¯Cq
˘
b
`
Λ2RC
˘ (4.41)
of real line bundles over RM
‚
g´2,l`2. Since the complement of RN
‚
g,l in a small neighborhood
in RM
‚
g,l is connected and consists of smooth curves, the canonical orientation on the real line
bundle (2.12) provided by [12, Proposition 5.9] extends across RN ‚g,l and thus induces an orientation
on the first tensor product on the right-hand side of (4.41).
Proposition 4.18. Let g P Z and l P Zě0 be such that g` l ě 2. The isomorphism (4.41) is
orientation-reversing with respect to the orientations on the real line bundles (2.12) provided by
[12, Proposition 5.9] and the complex orientations of Ll`1bCLl`2 and C.
Suppose C, rC, pπ, rτ∆, s1, . . . , slq, pT , ϕq, and ppT , pϕq are as in (4.25) and (4.26) with U |∆2
R
ÝÑ∆2
R
embedded inside of the universal curve fibration over RM
‚
g,l. Combining the first isomorphism
in (4.36) and (4.40), we obtain an isomorphism
Λtop
R
`
TrCsRM
‚
g,l
˘
bΛtop
R
` qH1`Σ;OpT C|Σq˘σ˘
«
´
Λtop
R
pT
r rCsRM‚g´2,l`2qbΛtopR ` qH1`rΣ;O`T rC˘˘σ˘¯b Λ2R`Ll`1bCLl`2˘bΛ2RC . (4.42)
The KS map induces an orientation on the left-hand side of (4.42) whenever C is a smooth curve.
Since the complement of RN ‚g,l in a small neighborhood in RM
‚
g,l is connected and consists of
smooth curves, this orientation extends over RN ‚g,l.
Lemma 4.19. The isomorphism (4.42) is orientation-preserving with respect to the orientations
on the left-hand side and the first tensor product on the right-hand side determined by the KS map
and the canonical orientations of Ll`1bCLl`2 and C.
Proof. The proof is similar to that of [12, Lemma 6.16]. The parameter t` in Section 4.2 can be
viewed as an element of the complex line bundle Ll`1bCLl`2 and parametrizes the smoothings of
the marked symmetric surface C as in (4.25). In the notation of Section 4.2, they are described by
t“pt`, t´q with t´“ t`. Denote by T rCÝÑ rUg´2,l`2 the twisted down vertical tangent bundle over
the universal curve π : rUg´2,l`2ÝÑRN ‚g,l.
As in the proof of [12, Lemma 6.16], the vector bundles
TRN ‚g,l,
` qR1π˚pT rCq˘σ ÝÑ RN ‚g,l
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extend over a neighborhood of RN ‚g,l in RM
‚
g,l as a subbundle of TRM
‚
g,l and a quotient bundle
of p qR1π˚T Cqσ . The KS map induces an isomorphism between these two extensions and gives rise
to a diagram
T rCRM‚g´2,l`2 //
KS «

TCtRM
‚
g,l
KS «

// L1bCL2| rC
KS «
qH1`rΣ;O`T rC˘˘σ qH1`Σt;OpT C|Σtq˘σtoo Coo
commuting up to homotopy of the isomorphisms given by the vertical arrows. The crucial point
is that the KS map sends the deformation parameter t` PL1bCL2 to the C-factor in (4.42) in an
orientation-preserving fashion. This is shown in the next paragraph.
Similarly to the last part of the proof of [12, Lemma 6.16], we cover a neighborhood of Σt in U by
the open sets
U˘1 “
 
pt`, t´, z˘1 , z
˘
2 qPU
˘
0 : 2|z
˘
2 |ă1
(
and U˘2 “
 
pt`, t´, z˘1 , z
˘
2 qPU
˘
0 : 2|z
˘
1 |ă1
(
,
along with coordinate charts each of which intersects at most one of U˘1 and U
˘
2 . By the same
computation as before, the Cˇech 1-cocycle corresponding to the radial vector field [12, (6.25)] for
the smoothing parameter t“ t` is given by
pθ˘0;12 ” z˘1 BBz˘1 ´ z˘2 BBz˘2 , pθ˘0;21 ” ´z˘1 BBz˘1 ` z˘2 BBz˘2 (4.43)
on U˘1 XU
˘
2 after re-scaling by |t|
´1 and vanishes on all remaining overlaps. In order to determine
the image of the angular vector field, we replace t with eiθt in the computation in the proof of
[12, Lemma 6.16] and differentiate the resulting overlap maps f˘12 and f
˘
21 with respect to θ at
θ “ 0. Over U˘0 , we then obtain the right-hand sides of the two expressions in (4.43) multiplied
by ˘i. Thus, the KS map sends t`PL1bCL2 to the C-factor in (4.42) in an orientation-preserving
fashion.
Proof of Proposition 4.18. Let prC, rσq be an element of RM‚g´2,l`2. Its image under ι is a
marked symmetric curve pC, σq with a pair of conjugate nodes. We continue with the notation and
setup in the proof of Lemma 4.19.
The isomorphisms (4.40) and (4.27) induce an isomorphism
Λtop
R
`
TrCsRM
‚
g,l
˘
b Λtop
R
``
H0pΣ; pT Cb pT qσ˘˚˘ (4.44)
«
´
Λtop
R
`
T
r rCsRM‚g´2,l`2˘bΛtopR ``H0prΣ;T ˚ rCbT ˚rΣqσ˘˚˘¯b Λ2R`Ll`1bCLl`2˘b Λ2RpC_q.
Orientations on the left-hand side of (4.44) and the first tensor product on the right-hand side are
obtained by tensoring the orientations on the corresponding terms
(1) in (4.42) determined by the KS map,
(2) in (4.37) determined by Dolbeault Isomorphism and Corollary 4.14,
(3) in (4.38) determined by Serre Duality and Corollary 4.15.
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By Lemma 4.19 and Corollaries 4.16 and 4.17, the isomorphism (4.44) is orientation-preserving
with respect to these two orientations and the complex orientations on Ll`1bCLl`2 and C
_.
The orientations on
Λtop
R
`
TrCsRM
‚
g,l
˘
b
`
det B¯C|rCs
˘
and Λtop
R
`
Tr rCsRM‚g´2,l`2˘b `det B¯C|r rCs˘
provided by [12, Proposition 5.17] are the tensor products of the orientations on
(1) the left-hand side of (4.44) and the first tensor product on the right-hand side described above
and
(2) the first tensor products on the two sides of (4.28) described below (4.29).
The isomorphism (3.1) with V “C induces a homotopy class of identifications of pΛ2
R
Cq˚bΛ2
R
pC_q
with R. By the previous paragraph and Corollary 4.13, the isomorphisms´
Λtop
R
`
TrCsRM
‚
g,l
˘
b
`
det B¯C;C
˘˚¯
b
`
Λ2RC
˘˚
«
´
Λtop
R
`
T
r rCsRM‚g´2,l`2˘b`det B¯ rC;C˘˚¯b Λ2R`Ll`1bCLl`2˘b`Λ2RC˘˚bΛ2RpC_q
induced by the isomorphism (4.40), the isomorphism (4.6) for the trivial rank 1 real bundle
pair pV, ϕq, and trivializations of pΛ2
R
Cq˚bΛ2
R
pC_q in the above homotopy class are orientation-
preserving with respect to the orientations of Proposition 4.18 and the complex orientations of C
and C_. Since the isomorphism (3.1) with V “C is orientation-reversing with respect to the com-
plex orientations of C and C_, the isomorphism (4.41) is also orientation-reversing with respect to
the orientations of Proposition 4.18.
Proof of Theorem 1.2. Throughout this argument, we omit pX,B, Jqφ from the notation for
the moduli spaces of maps and let
L “ Ll`1bCLl`2 .
By the construction of the orientations in the proofs of Corollary 5.10 and Theorem 1.3 in [12], it
is sufficient to verify the claim over an element rrusPM1‚g´2,l`2 with a smooth stable domain. Let u
be the induced real map from the corresponding nodal symmetric surface. We denote the marked
domains of ru and u by rC and C, respectively, and let q“evl`1pruq.
The forgetful morphisms (2.2) induce the short exact sequences represented by the left and middle
columns in the two diagrams of Figure 2. The top row in the first diagram is the exact sequence on
the indices of Fredholm operators determined by the exact sequence (4.5) with pV, ϕq“u˚pTX,dφq;
the middle row is the exact sequence above (1.3). The middle and bottom rows in the second di-
agram are the exact sequences associated with the normal bundles N ι above (1.5) and (4.40),
respectively.
The middle row and column in the first diagram in Figure 2 determine isomorphisms
Λtop
R
`
TruM1‚g´2,l`2˘b Λ2nR pTqXq b Λ2R`L| rC˘ « ΛtopR `TruM‚g´2,l`2˘b Λ2R`L| rC˘
«
`
detDru˘b ΛtopR `T rCRM‚g´2,l`2˘b Λ2R`L| rC˘ . (4.45)
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0
0

0

0 // IndDu //

IndDru
ev
x
`
l`1 //

TqX //
id

0
0 // TruM1‚g´2,l`2 //
df

TruM‚g´2,l`2 druevl`1 //
df

TqX //

0
0 // T rCRM‚g´2,l`2 id //

T rCRMg´2,l`2 //

0
0 0
0

0

0 // IndDu
id //

IndDu //

0

0 // TruM1‚g´2,l`2 dι //
df

TuM
‚
g,l
//
df

L|ru //
id

0
0 // T rCRM‚g´2,l`2 dι //

TCRM
‚
g,l
//

L| rC //

0
0 0 0
Figure 2: Commutative diagrams for the proof of Theorem 1.2
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By the commutativity of the squares in this diagram, the composition of the two isomorphisms
in (4.45) equals to the composition of the isomorphism
Λtop
R
`
TruM1‚g´2,l`2˘b Λ2nR pTqXq b Λ2R`L| rC˘
«
`
detDu
˘
b Λtop
R
`
T rCRM‚g´2,l`2˘b Λ2nR pTqXq b Λ2R`L| rC˘ (4.46)
induced by the first column and the isomorphism (4.6) with pV, ϕq “ u˚pTX,dφq; the latter is
induced by the first row.
The middle row and column in the second diagram in Figure 2 determine isomorphisms
Λtop
R
`
TruM1‚g´2,l`2˘b Λ2nR pTqXq b Λ2R`L| rC˘
« Λtop
R
`
TuM
‚
g,l
˘
b Λ2nR pTqXq «
`
detDu
˘
b Λtop
R
`
TCRM
‚
g,l
˘
b Λ2nR pTqXq .
(4.47)
By the commutativity of the squares in this diagram, the composition of the two isomorphisms
in (4.47) equals to the composition of the isomorphisms (4.46) and (4.40); the latter is induced by
the bottom row. Thus, the isomorphism`
detDru˘b ΛtopR `T rCRM‚g´2,l`2˘b Λ2R`L| rC˘ « `detDu˘b ΛtopR `TCRM‚g,l˘b Λ2nR pTqXq (4.48)
induced by (4.45) and (4.47) is the tensor product of the isomorphism (4.6) with pV, ϕq“u˚pTX,dφq
and the isomorphism (4.40).
The isomorphism (4.45) induces an isomorphism
Λtop
R
`
TruM1‚g´2,l`2˘b Λ2nR pTqXq b Λ2R`L| rC˘b `det B¯rΣ;C˘bpn`1q
«
´`
detDru˘b`det B¯rΣ;C˘bn¯b ´ΛtopR `T rCRM‚g´2,l`2˘b`det B¯rΣ;C˘¯bΛ2R`L| rC˘ . (4.49)
The isomorphism (4.47) and the isomorphisms (4.6) with
pV, ϕq “ u˚
`
TX,dφ
˘
,
`
ΣˆC, σˆc
˘
induce an isomorphism
Λtop
R
`
TruM1‚g´2,l`2˘b Λ2nR pTqXq b Λ2R`L| rC˘b `det B¯rΣ;C˘bpn`1q
«
´`
detDu
˘
b
`
det B¯Σ;C
˘bn¯
bΛ2nR pTqXqbΛ
2n
R C
n
b
´
Λtop
R
`
TCRM
‚
g,l
˘
b
`
det B¯C;Σ
˘¯
bΛ2RC .
(4.50)
A real orientation on pX,ω, ϕq induces orientations onxdetDru ” `detDru˘b`det B¯rΣ;C˘bn and xdetDu ” `detDu˘b`det B¯Σ;C˘bn. (4.51)
The isomorphisms (4.49) and (4.50) induce orientations on their common domain from the ori-
entations in (4.51), the orientation of (2.12) provided by [12, Proposition 5.9], and the canonical
orientations on L, TX, and C. The substance of Theorem 1.2 is that the two induced orientations
are different.
The two induced orientations are different if the composition of the inverse of the isomorphism
in (4.49) with the isomorphism in (4.50) is orientation-reversing. By the sentence containing (4.48),
this composition is the tensor product of
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(1) the isomorphism (4.7) with pV, ϕq“u˚pTX,dφq and
(2) the isomorphism (4.41).
By Corollaries 4.5 and 4.6, the first isomorphism is orientation-preserving. By Proposition 4.18,
the second isomorphism is orientation-reversing.
Remark 4.20. A real orientation on a 2n-dimensional manifold X determines orientations on the
moduli spaces of real spaces if n is odd. If n is even, a real orientation on X determines orientations
on the tangent bundles of the moduli spaces of real maps twisted by the tangent bundles of the
moduli spaces of real curves; the real spaces in this case are generally not orientable. If nP2Z and
2g` l ě 3, the comparison of Theorem 1.2 should thus be made with the tangent bundles of the
moduli spaces of maps twisted by the tangent bundles of the moduli spaces of curves as in [12,
(1.3)]. The isomorphism (1.6) is then replaced by its tensor product with the inverse of (4.40). The
proof of Theorem 1.2 implies that this isomorphism is orientation-preserving, since the orientation-
reversing isomorphism (4.41) now enters twice. This nP2Z analogue of Theorem 1.2 is also invariant
under the reordering of the nodes, since it now preserves the orientation of TX and Ll`1bCLl`2
appears twice.
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